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Abstract

Various mathematical frameworks have been developed to handle uncertainty, including the concepts of
Fuzzy Sets and Neutrosophic Sets. Among these, Soft Sets provide a powerful and flexible approach to
decision-making by mapping parameters to subsets of a universal set, effectively addressing uncertainty
and vagueness. As an extension of Soft Sets, Treesoft Sets and ForestSoft Sets have been introduced
to incorporate hierarchical structures into soft set theory. And a polyTree is a directed acyclic graph
whose underlying undirected graph is a single tree, ensuring exactly one undirected path between any two
vertices. A polyForest is a directed acyclic graph whose underlying undirected graph is a forest, possibly
multiple independent tree components without any cycles. In this paper, we propose new concepts,
the PolyTree-Soft Set and PolyForest-Soft Set, which generalize existing soft set models by integrating
directed acyclic structures. We formally define these sets, analyze their properties, and explore their
mathematical characteristics in depth.
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1| Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. Unless otherwise stated, all sets considered in this paper are assumed to be finite and simple.

1.1 | Treesoft Set and Forestsoft Set

A Soft Set (F,E) associates each parameter in a set E with a subset of a universal set U. This provides a
flexible framework for approximating objects within U [1, 2]. A TreeSoft Set is a mapping from subsets of a
hierarchical, tree-like parameter structure Tree(A) to subsets of a universal set U[3, 4, 5]. The definitions of
Soft Set and TreeSoft Set are provided below.
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Definition 1. [2] Let U be a universal set and E a set of parameters. A soft set over U is defined as an ordered
pair (F, E), where F is a mapping from E to the power set P(U):

F:E— P).

For each parameter e € E, F(e) C U represents the set of e-approximate elements in U, with (F, F) forming a
parameterized family of subsets of U.

Definition 2. [6] Let U be a universe of discourse, and let H be a non-empty subset of U, with P(H) denoting
the power set of H. Let A = {A;, A,,..., A,,} be a set of attributes (parameters, factors, etc.), for some integer
n > 1, where each attribute A, (for 1 <14 <n) is considered a first-level attribute.

Each first-level attribute A; consists of sub-attributes, defined as:
Ai = {Ai,laAi,27 }a

where the elements A, ; (for j = 1,2, ...) are second-level sub-attributes of A;. Each second-level sub-attribute
A; ; may further contain sub-sub-attributes, defined as:

A=A A2 b
and so on, allowing for as many levels of refinement as needed. Thus, we can define sub-attributes of an m-th
level with indices A, , where each i, (for kK =1,...,m) denotes the position at each level.

215225 tm

This hierarchical structure forms a tree-like graph, which we denote as Tree(A), with root A (level 0) and
successive levels from 1 up to m, where m is the depth of the tree. The terminal nodes (nodes without
descendants) are called leaves of the graph-tree.

A TreeSoft Set F is defined as a function:
F: P(Tree(A)) — P(H),

where Tree(A) represents the set of all nodes and leaves (from level 1 to level m) of the graph-tree, and
P(Tree(A)) denotes its power set.

A ForestSoft Set is formed by taking a collection of TreeSoft Sets and “gluing” (uniting) them together so as
to obtain a single function whose domain is the union of all tree-nodes’ power sets and whose values in P(H)
combine the images given by the individual TreeSoft Sets|7, 8].

Definition 3 (ForestSoft Set). [7] Let U be a universe of discourse, H C U be a non-empty subset, and P(H)
be the power set of H. Suppose we have a finite (or countable) collection of TreeSoft Sets

{F,: P(Tree(AY)) — P(H)}

teT’

where each F, is a TreeSoft Set corresponding to a tree Tree(A®") of attributes A®.
We construct a forest by taking the (disjoint) union of all these trees:

Forest({A®}, o) = |_|Tree(A(t>).
teT

A ForestSoft Set, denoted by
F: P(Forest({A"})) — P(H),
is defined as the union of all TreeSoft Set mappings F,. Concretely, for any element X € P(Forest({A®1})), we

set

F(X) = U F(X NTree(A®)),
XN Tréeea(“) +0

where we only apply F} to that portion of X belonging to the tree Tree(A(t>).
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Example 4 (ForestSoft Set in E-Commerce Customer Segmentation). Let
U ={cy,co,05,¢4,05}
be the universe of customers, and set H = U. We consider two product categories, so
T = {Electronics, Clothing}.

For each t € T, we have a TreeSoft Set F, defined on the tree of attributes Tree(A")):

1. Electronics Tree, A®):
e Attributes: Brand € {Apple, Samsung}, Type € {Phone, Laptop}.
e Mapping Fy : P(Tree(A®)) — P(H):
Fy({Apple, Phone}) = {¢y, 5},

)
Fy({Apple, Laptop}) = {3},
Fg({Samsung, Phone}) = {c,, ¢4},
Fr({Samsung, Laptop}) = {c;5}.

2. Clothing Tree, A©):
e Attributes: Category € {Shirt, Pants}, Size € {S, M, L}.
e Mapping F : P(Tree(A©))) — P(H):
Fo({Shirt, M}) = {c;, ¢3},

)
FC<{Shirta L}> = {04}7
FC<{PantS7 M}) = {02’ 05},
Fo({Pants,S}) = {cy }.

The forest of attribute trees is
Forest({A®), A©)}) = Tree(A®)) U Tree(A©).
We define the ForestSoft Set
F : P(Forest({A®), A©})) — P(H)
by
F(X) = Fg(X NTree(A®)) U Fo(X NTree(A©)).

Illustrative computation. Let
X = {Samsung, Phone, M}.

Then
X N Tree(A®) = {Samsung, Phone}, X N Tree(A©)) = {M}.
Hence
Fi({Samsung, Phone}) = {c,, ¢, },
Fo({M}) = {ey, 3,3, ¢5 1,
and thus

F(X) = {62764} U {61762763705} = {61562563764765}'

This shows how the ForestSoft Set F aggregates customer groups across multiple product-category trees.
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1.2 | Polytree and PolyForest
A polytree is a directed acyclic graph (DAG) whose underlying undirected graph forms a tree. A polyforest is
a DAG whose underlying undirected graph is a forest.
Definition 5 (Undirected Graph). [9] An undirected graph is a pair G = (V, E), where:
e V is a non-empty set of vertices.

e F is a set of edges, where each edge is an unordered pair of distinct vertices, i.e., E C {{u,v} | u,v €
V,u # v}

In an undirected graph, edges do not have a direction, meaning {u, v} and {v,u} represent the same edge.

Definition 6 (Directed Graph). (cf.[10, 11]) A directed graph (or digraph) is a pair G = (V, E), where:
e V is a non-empty set of vertices.

e F is a set of directed edges, where each edge is an ordered pair of distinct vertices, i.e., E C {(u,v) |
u,v € V,u # v}

In a directed graph, edges have a direction, meaning (u,v) and (v, u) are distinct.
Definition 7 (Polytree). (cf.[12]) A polytree is a directed graph G = (V, E)) that satisfies the following condi-
tions:

e G is a directed acyclic graph (DAG)[13], meaning it contains no directed cycles.

e The underlying undirected graph corresponding to GG, obtained by ignoring edge directions, is a tree
(i.e., it is connected and acyclic).

Formally, a polytree is a DAG where there exists at most one directed path between any two vertices in V.
Equivalently, for any two distinct vertices u,v € V, the undirected version of G, denoted as G* = (V,E"),
where E* = {{z,y} | (z,y) € E or (y,x) € E}, forms a tree.
Example 8 (Polytree). Let
G=(V,E), V={1,234}, E={1—-2),(1—=3),B3—=4)}
Then:
e (G is acyclic since there is no way to start at a vertex and follow directed edges back to itself.

e The underlying undirected graph has edges {{1,2},{1,3},{3,4}}, which forms a tree (connected and
acyclic).

e There is at most one directed path between any two vertices (for example, 1 — 3 — 4 is the unique
directed path from 1 to 4).

Hence G is a polytree.
Definition 9 (Polyforest). (cf.[14]) A polyforest is a directed graph G = (V, E) that satisfies the following
conditions:

e G is a directed acyclic graph (DAG), meaning it contains no directed cycles.

e The underlying undirected graph corresponding to G, obtained by ignoring edge directions, is a
forest (i.e., it is acyclic but may have multiple connected components).

In other words, a polyforest is a DAG where the undirected version G* = (V, E*), with E* = {{z,y} | (z,y) €
E or (y,z) € E}, forms a forest.



PolyTree-Soft Sets and PolyForest-Soft Sets: A Directed Acyclic Framework for Soft Set Modeling 15

Example 10 (Polyforest). Let
G=(V,E), V={ab,c,d,e},
and let
E={a—>ba—c,d—e}.
Then:

e G is acyclic (no directed cycles).

e The underlying undirected graph has two connected components:
{{a,0},{a,c}} and {{d,e}},
each of which is a tree. Altogether this is a forest.

e There is no directed path between vertices in different components, and within each component there
is at most one directed path between any two vertices.

Therefore G is a polyforest.

2 | Result: PolyTree-soft Set and PolyForest-soft Set

The definitions of the PolyTree-soft set and PolyForest-soft set are provided as follows.

Definition 11 (PolyTree-soft Set). Let U be a universal set and let T' = (V, E;) be a polytree; that is, T is a
directed acyclic graph whose underlying undirected graph is a tree. A PolyTree-soft set over U is defined as
an ordered pair
(F,T),
where
F:V —20U)
is a mapping that assigns to each vertex (parameter) v € V a subset F(v) C U.

Example 12 (PolyTree-soft Set in Corporate Training). A company offers a catalog of training modules:
U = {Leadership, Project Management, Agile Scrum, Python Basics}.
The organizational hierarchy for one division is a polytree
T=(V,Ep) with V ={CEO, Manager, Engineer},
E; = {(CEO — Manager), (Manager — Engineer)}.
Define
F:V — PU)
by
F(CEO) = {Leadership, Project Management},
F(Manager) = {Project Management, Agile Scrum},
F(Engineer) = {Agile Scrum, Python Basics}.
Then (F,T) is a PolyTree-soft set over U, modeling which training each role should attend following the chain
of command.

Theorem 13 (TreeSoft Set as a Special Case). Every TreeSoft set is a PolyTree-soft set.

Proof: Let (F,T) be a TreeSoft set, where
T=(V,Er)
is a directed tree on the vertex set V. Concretely, T' satisfies:

e There is a distinguished root r € V', and every other vertex v € V' \ {r} has exactly one incoming edge
from its unique parent.

e There are no directed cycles, since following parent-pointers from any node eventually reaches the root
r.
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e The underlying undirected graph—obtained by replacing each directed edge (v — v) with an undirected
edge {u,v}—is exactly the original tree on V, hence is connected and acyclic.

But these two properties are precisely the definition of a polytree: a DAG whose undirected version is a tree.
Therefore T is a polytree. Since the mapping

F:V - 2(U)

remains unchanged, (F,T) meets every requirement of a PolyTree-soft set. O

Theorem 14 (Union of PolyTree-soft Sets). Let {(F;,T;)}ier be a collection of PolyTree-soft sets over U whose
vertex sets V; are pairwise disjoint. Then their disjoint union

(F,G), withG= |_|Tz and F(v) = F;(v) forveV,
i€l
forms a PolyForest-soft set over U.

Proof: Let {(F;,T;)};c;r be PolyTree-soft sets over the same universe U, with
T, =(V;, Ti)v VimVj:@ (i # 7).

G=| |1 =(v=V Ba=|Er).

el

Define

and define
F:V —» PU), F(v)=Fv)ifvelV,.
We check the two conditions for (F',G) to be a PolyForest-soft set:
1. Acyclicity of G. Suppose there were a directed cycle in G. Any such cycle must lie entirely within a single

component T}, because edges in G never connect distinct V; sets. But each T} is a polytree, hence a DAG, so
no directed cycle can occur in any 7;. Thus G has no directed cycles.

2. Underlying undirected graph is a forest. The undirected version G* has vertex set V and edge set

B = ({9} | (@:9) € B or (r.0) € B} = || B3

Since each T} is a tree (connected and acyclic), their disjoint union is a forest (possibly several connected
components, no cycles).

Finally, F' is well-defined on V' because the V; are disjoint. Hence (F', G) satisfies the definition of a PolyFor-
est-soft set. O

Theorem 15 (Monotonicity Along Paths). Let (F',T) be a PolyTree-soft set over U, where T = (V, Ep) is a
polytree. Suppose that for every directed edge (u,v) € Eq the mapping F satisfies
C

F(u) € F(v).

Then, for any directed path
vg = vy ==y, (B>1)
in T, we have

F(vp) € F(v,) € - C Fluy).
Proof: We prove by induction on the length £ of the path.
Base Case: For k = 1, the path is vy, — v;. By assumption, F'(vy) C F(v;).
Inductive Step: Assume that for a path vy — v; = -+ — v,_; we have
F(vg) € F(vy) €+ C F(vp_q).

Consider the extended path vy — v; — -+ — v,_; — v;,. By the induction hypothesis, F(v,) C F(v;_;) and by
assumption (since (v,_q,v,) € Ep), F(v,_;) C F(v,). Thus,

F(vg) C F(vy,).
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Hence, the monotonicity holds along any directed path. U

Theorem 16 (Leaf Intersection Property). Let (F,T) be a PolyTree-soft set over U with the following property:
for every non-leaf vertex v with children vy, vs, ..., vy,

k
v) = mF(v
i=1

Then for any vertex v € V, the value F(v) is equal to the intersection of the images F(w) of all leaves w in the
subtree of T rooted at v.

Proof: We prove by induction on the height h(v) of the vertex v (the maximum distance from v to any leaf in
the subtree rooted at v).
Base Case: If v is a leaf, then the subtree at v contains only v itself and hence
F(v) = F(v),
which satisfies the statement.

Inductive Step: Suppose that for every vertex v with h(u) < k the property holds. Let v be a vertex with
h(v) = k + 1 and let its children be v;, v, ..., v,,. By hypothesis,

m
= (") F(v;)
i=1
By the induction hypothesis, for each i,

F(v;) = ﬂ{F(w) | w is a leaf in the subtree rooted at v;}.
Thus,

<ﬂ{F ) | wis a leaf in the subtree rooted at vz}> = ﬂ{F(w) | w is a leaf in the subtree rooted at v}.

\\33

This completes the induction. ]

Theorem 17 (Uniqueness of Mapping from Leaves). Let (F,T) and (G,T) be two PolyTree-soft sets over U
defined on the same polytree T = (V, Er). Suppose that for every leaf v of T it holds that F(v) = G(v) and that
both F' and G satisfy the leaf intersection property; i.e., for every non-leaf vertex w with children wy, uq, ..., uy,

k
u) = O F(u;) and G(u)= ﬂ G(u;).
Then F =G on V.

Proof: We prove by induction on the height h(v) of the vertex v.
Base Case: For any leaf v, by hypothesis F'(v) = G(v).

Inductive Step: Assume that for all vertices w with height h(u) < k, F(u) = G(u). Consider a vertex v with
h(v) = k+ 1 and let its children be v;, v, ..., v,,. Then,

F(v) = O F(v;) and G(v)= O G(v;).

By the induction hypothesis, for each i, F(v;) = G(v;). Thus,

F(v)zﬁ ﬂG

Hence, by induction, F = G on V. O
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Definition 18 (PolyForest-soft Set). Let U be a universal set and let G = (V, E) be a polyforest; that is, G
is a directed acyclic graph whose underlying undirected graph is a forest (possibly consisting of several disjoint
trees). A PolyForest-soft set over U is an ordered pair

(F,G),

where
F:V = 20)
assigns to each vertex v € V a subset F'(v) C U.

Example 19 (PolyForest-soft Set in Multi-Channel Customer Conversion). Let

U = {Alice, Bob, Carol, Dave, Eve}
be the set of customers. We model two independent marketing funnels as a polyforest:
Funnel A (Website):

T, =(Va, Ey), V4= {Visit, View, Cart, Purchase},
E, = {(Visit — View), (View — Cart), (Cart — Purchase)}.

Define
FA : VA — ?(U)
by
F,(Visit) = {Alice, Bob, Carol, Dave, Eve},
F,(View) = {Alice, Carol, Eve},
F,(Cart) = {Alice, Eve},
F,(Purchase) = {Alice}.

Funnel B (Email):
Tg = (Vg, Eg), Vg ={Sent, Opened, Clicked},
Ep = {(Sent — Opened), (Opened — Clicked)}.

Define

Fp(Sent) = {Alice, Bob, Carol, Dave},
Fp(Opened) = {Bob, Carol},
Fp(Clicked) = {Carol}.

Combine into the polyforest

G=(V,E;) with V=V,UVy E;=E,UE}.
Define
Fy(v), veVy,
Fg(v), veVg.

Then (F,G) is a PolyForest-soft set over U, describing which customers reach each stage in two separate
marketing funnels.

F:V — PU) by F(v):{

Example 20 (PolyForest-soft Set in University Course Prerequisites). Let
U = {Alice, Bob, Carol, Dave, Eve}

be the set of students. We model two independent prerequisite chains as a polyforest:

Computer Science Track:
Tos = (Vog, Ecg),  Vog = {IntroCS, DataStruct, Algorithms},
Eog = {(IntroCS — DataStruct), (DataStruct — Algorithms)}.
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Define

by
Fog(IntroCS) = {Alice, Bob, Carol, Dave, Eve},

Fog(DataStruct) = {Alice, Bob, Carol},
Fg(Algorithms) = {Alice, Bob}.

Mathematics Track:
Tantath = Vaths Prath)s  Vaatnh = {Calculus, LinAlg, AbstractAlg},

Eyraen = {(Calculus — LinAlg), (LinAlg — AbstractAlg)}.

Define
Fytaen * Vstaen — P(U)

Fyan (Calculus) = {Alice, Carol, Dave, Eve},
Futaen (LinAlg) = {Carol, Dave},
Fypan (AbstractAlg) = {Dave}.

Combine into the polyforest

G=(V,Eg), V=VosUWpm, FEc=FEcsUPEyuen-
Define
Feg(v), v e Vg,
Fyraen(0), v € Vigagn-

Then (F,G) is a PolyForest-soft set over U, representing which students have completed each prerequisite course
in the CS and Math tracks.

F:V — PU), F@):{

Theorem 21 (Component-wise Monotonicity). Let (F,G) be a PolyForest-soft set over U where the polyforest
G = (V,Es) decomposes into disjoint polytrees Ty, T, ..., T),. Suppose that for every edge (u,v) within each
component T; the mapping F' satisfies

F(u) C F(v).

Then, for any directed path within any component T;, F' is monotonic along that path.

Proof: Let (F,G) be a PolyForest-soft set over U, and suppose G decomposes into disjoint polytrees
Tl = (‘/I’El)’ T2 = (VY27E2)) st Tk = (Vk:aEk:)'
Fix one component T;. We must show that whenever there is a directed path
Uy — Uy —> = —> U, inT;,
then
Flug) C F(uy) € - C Flu,,).
We proceed by induction on the path length m.

Base case (m = 1). A path of length 1 is just a single edge u, — u,. By hypothesis, for every edge (u,v) € E;
we have

F(u) € F(v),

so the claim holds.

Inductive step. Assume the claim holds for all paths of length m — 1. Now let
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be a path of length m. Then the initial segment

UO — Ul — e = um71

has length m — 1, so by the induction hypothesis,
Flug) € Fuy) C = C F(up_1).

Since (u,,_1,u,,) is an edge in T}, the edge-monotonicity condition gives
F(umfl) g F(um)
Chaining these inclusions yields
Flug) € - € Fluy, ) © Fluy,),

completing the induction.

Because this argument applies to each component T separately, F' is monotonic along every directed path in
G. O

Theorem 22 (Forest Decomposition). Let (F,G) be a PolyForest-soft set over U where the polyforest G
decomposes uniquely into disjoint polytrees T,T,, ..., T, with vertex sets V;,V,, ..., V,, respectively. Then, the
mapping F can be decomposed as

k
F=|JF,
i=1

where each F; is the restriction of F' to V;, and each (F;,T,) is a PolyTree-soft set. This decomposition is unique.

Proof: Let (F,G) be a PolyForest-soft set over U, and write the polyforest G = (V, E) as the disjoint union
of its connected components (each of which is a polytree):

SO

k
V=||Vi. Es;=|]|E
3 =1

Existence of decomposition. Define, for each i,

F

K3

i.e. F;(v) = F(v) for all v € V,. Because F is originally defined on all of V, the restriction F is well-defined on
V;. By construction, (F},T;) satisfies the definition of a PolyTree-soft set (since T is a polytree and F; assigns
subsets of U to its vertices). Hence

as a map on V.

Uniqueness of decomposition. The decomposition of a forest into its connected components is unique: no
vertex can lie in two distinct components, and every vertex lies in exactly one component. Since F is a function
on V, its restriction to each component V; is forced. Therefore the collection {(F;,T;)}% ; is the only way to
express (F',G) as a union of PolyTree-soft sets.

Thus (F, G) uniquely decomposes into the k PolyTree-soft sets (F;,T). (]
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Theorem 23 (Consistency of Aggregation). Let {(F;,T;)};c; be a collection of PolyTree-soft sets over U with
pairwise disjoint vertex sets, and let (F,G) be their disjoint union, where

G= LITi and F(v) = F;(v) forveT,.

icl
Then for any subset X CV (with V = Uie[ V. ), the aggregated mapping defined by
F(X) = U F(XnV,)
XV 40

is well-defined and consistent; that is, if X C'V; for some j € I, then F(X)=F/(X).

Proof: First, recall that each PolyTree-soft set (F};,T;) comes with a mapping
which we extend in the obvious way to subsets of V; by

Fi(S) = UFi<v)a vSCV.

veS

Since the vertex sets V; are pairwise disjoint and V' = u V., every subset X C V admits a unique decomposition
icl

X = |xnW.

iel

In particular, for each i, the intersection X NV, C V; is well-defined, and hence F;(X NV;) is well-defined in
PU).

We now define the aggregated mapping
F:2(V) — PU), F(X)= ] FXxnW).
XAV 0

Because the decomposition X = | |.(X NV;) is unique, the collection of terms F;(X N V;) that appear in this
union is likewise uniquely determined by X. Hence F(X) is unambiguously defined once the family {F;} is
fixed.

Consistency. Suppose now that X C V; for some fixed j € I. Then for every i # j we have
XxXnv, =0,
and therefore
F(XNV)=F0) = UFi(U) =0.
The only nonempty term in the union defining F(X) is
Fi(Xn Vj) = F;(X),
since X NV, = X. Consequently,
FX)=0U - UDPUF(X)UDU- = F;(X).

This shows that whenever X lies entirely in one component V;, the aggregated mapping F reduces exactly to
the original F;. Thus F is both well-defined (independent of any choice) and consistent with each Fj. O
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3| Conclusion

This paper introduced two novel constructs—the PolyTree-Soft Set and the PolyForest-Soft Set—which expand
the classical soft-set framework by incorporating directed-acyclic structures such as polytrees and polyforests.

We expect that future work will investigate these models further within soft-set theory, decision-making, and
related applications. We also look forward to extensions of PolyTree- and PolyForest—Soft Sets formulated
in the richer settings of Hypergraphs [15, 16, 17, 18] and SuperHypergraphs [19, 20, 21, 22, 23]. In addition,
promising avenues include adaptations that employ the HyperSoft Set [24, 25, 26] and SuperHyperSoft Set
frameworks [27, 28, 29].
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