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Abstract: Plithogenic sets describe each element by facetwise (attribute-driven) membership degrees and a
contradiction function on the facet domain. Upside-Down Logic provides a disciplined transformation that
interchanges truth and falsity by systematically inverting evaluations while maintaining coherence of the
underlying context. Risk management concerns the identification, assessment, and mitigation of potential losses
so that organizational objectives are less affected. IT service management (ITSM) concerns the design, delivery,
operation, and continual improvement of I'T services so that business needs are met effectively, efficiently, and
consistently.

In this paper we introduce the notions of Plithogenic Fuzzy Risk Management and Plithogenic Fuzzy IT Service
Management and analyze their basic structural properties. In addition, using the viewpoint of U-Sets and U-
Structures, we briefly discuss uncertainty-domain extensions, namely Uncertain Risk Management and Uncertain
IT Service Management.

Keywords: Plithgoenic Fuzzy Risk Management, Plithgoenic Fuzzy IT Service Management, Fuzzy Set,
Uncertain Set, Plithogenic Set, Upside-down logic

1 Preliminaries

This section fixes notation and collects the background material that will be used in the statements and proofs
of the main results.

1.1 Upside-Down Logic

We adopt the notion of Upside-Down Logic: after an appropriate transformation of the surrounding context
(and, if needed, of the lemma itself), statements that are true become false and statements that are false become
true. This mechanism is intended to model reversals and context-dependent ambiguity in reasoning systems; see,
for instance, [1, 2, 3, 4].

Definition 1 (Context). [2, 3] A context C is a collection of parameters or conditions relative to which lemmas
are evaluated; typical parameters may be spatial, temporal, semantic, or interpretive.

Definition 2 (Logical system). (cf. [5]) A logical system is a structure

M= (P,V,v),

where P is the set of lemmas (formulas) in a formal language £, V is a set of truth values (e.g., {True, False} in
the classical case), and v: P — V is a valuation assigning to each lemma a truth value. Optionally, M may also
specify a set of axioms A C 2 and a collection of inference rules J.
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Notation 3. Let P be a set of lemmas and let € be a family of contexts. We write
T: P x € — {True, False, Indeterminate}

for a context-dependent evaluation map that assigns a status to each lemma-—context pair. We also fix a formal
language £ and a logical system M = (P,V,v) as above.

Definition 4 (Upside-Down Logic). [2, 3] An Upside-Down Logic is obtained by extending a logical system M
with a transformation U acting on lemmas and/or contexts, thereby producing a system M’ such that for every
lemma A € P and every context C:

e (Truth — falsity) If v(A) = True in €, then ((U(A)) = False in U(C).
e (Falsity — truth) If v(A) = False in €, then (U (A)) = True in U(C).

In addition, U is required to be well posed and internally consistent within M”.

Example 5 (Threshold/comparator flip without changing the context). Assume the language contains atomic
statements

A4t @>0)  (0€R),
and take the context to be the parameter value € := {6}. Fix a valuation v so that v(A4y) = True in €y precisely
when the designated real number x satisfies © > 6.

Define an Upside-Down transform U by
U(A4y) == (z <90), U(Cy) = Cy.
Then:

o If v(Ay) = True in €y, then x > 6, hence x < 6 is false in the same context, i.e., (U(Ay)) = False in
U(Cyp).

e If v(Ay) = False in €y, then x < 6, so (U(Ay)) = True in U(Cy).
Moreover, U is involutive on these formulas:
UU(Ay)) =Ulx <) = (x> 0) = A,

so adding U yields a well posed and internally consistent extension M.

1.2 Plithogenic Set

Plithogenic sets[6, 7] encode membership through explicit attributes together with a contradiction mapping
between attribute values. In this way they subsume and extend several degree-based frameworks, including fuzzy
[8], intuitionistic [9], hesitant fuzzy sets [10], and neutrosophic sets [11, 12].

Definition 6 (Fuzzy Set). [8] Let Y be a nonempty universe. A fuzzy set on Yis a mapping 7: Y — [0, 1], and
a fuzzy relation on Y'is a mapping § : Y x Y — [0, 1]. If 7is a fuzzy set on Y, then ¢ is called a fuzzy relation on
Tif, for all y,z € Y]

8(y, 2) < min{r(y), 7(2)}.

Definition 7 (Plithogenic Set). [13] Let S be a universe and let P C S be a nonempty subset. A plithogenic set
is a 5-tuple
PS = (P, v, Pv, pdf, pCF),

consisting of:

e an attribute v;

e its value domain Pu;

e a degree of appurtenance map (DAF)

pdf: P x Pv—|[0,1]°%
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e a degree of contradiction map (DCF)
pCF : Pvx Pv—[0,1]".

For all a,b € Pv, the DCF satisfies
pCF(a,a) =0 and pCF(a,b) = pCF(b,a).
Here s,t € N denote, respectively, the appurtenance and contradiction dimensions.
Definition 8 (Plithogenic Fuzzy Set (s = 1, t = 1)). [14, 15] A plithogenic fuzzy set is a plithogenic set
PS = (P,v, Pv,pdf,pCF) for which
pdf: Px Pv—|0,1], pCF : Pvx Pv—|[0,1].
For x € Pand a € Pv we write
pp(z | a) = pdf(z,a) € [0,1]

for the (scalar) membership of z under the attribute value a. The contradiction between attribute values is the
scalar

c(a,b) := pCF(a,b) € [0,1], cla,a) =0, c(a,b) =c(b,a).

Example 9 (Concrete plithogenic fuzzy set (s =t =1)). Let P = {Sych, Semails Sstorage) P€ three IT services,
and take the attribute v =“evaluation facet” with

Pv={Q, U, R},
standing for Quality, Utility, and Reliability. Since s =¢ = 1, both DAF and DCF are scalar.

Memberships. Define pdf : P x Pv — [0, 1] by

Q U R
Swen | 0.82 076 0.91
Semail | 075 0.88 0.86
Sstorage | 0-80 0.72 0.94

50 p(Syep | R) = 0.91.

Contradiction. Let c(a,b) := pCF(a,b) € [0,1] be given by the symmetric, reflexive—zero matrix

0 0.60 0.30)

(c(a,b) :<O.60 0 050
oery 0.30 050 0

Then ¢(Q, Q) = 0 and ¢(U,R) = ¢(R, U) = 0.50, etc. Therefore PS = (P, v, Pv,pdf,pCF) is a plithogenic fuzzy
set with scalar membership and scalar contradiction.

For reference, Table 1 presents a comparison between a fuzzy set and a plithogenic fuzzy set (s =t = 1). A fuzzy
set assigns a single membership degree to each element, whereas a plithogenic fuzzy set provides facet-indexed
memberships together with an explicit contradiction map over attribute values.

1.8 Upside-Down Logic in Plithogenic Fuzzy Set with Contradiction Reset

We introduce an upside-down mechanism for plithogenic fuzzy sets in which certain membership grades are
complemented whenever their contradiction with a fixed anchor exceeds a specified threshold. After performing
such a flip, the contradiction value responsible for the activation is immediately reset to zero, which prevents the
same trigger from firing again at the same threshold and thereby stabilizes the context (cf. [16, 4]).

T.Fujita, Plithgoenic Fuzzy Risk Management and Plithgoenic Fuzzy IT Service Management



Information Sciences with Applications, Vol. 08, 2025

50

An International Journal of Computational Intelligence Methods, and Applications

TABLE 1. Concise comparison of a fuzzy set and a plithogenic fuzzy set (s =t = 1).

Aspect

Fuzzy set

Plithogenic fuzzy set (s =t =1)

Universe / support

Primary data

Meaning of membership
Context / facets

Contradiction / conflict

Relations

Reduction / embedding

Universe Y (elements y € Y).

A single membership function 7 : Y —

[0, 1].

7(y) is the degree to which y belongs to the
set.

No explicit attribute-value layer; member-
ship is facet-free.

No built-in contradiction measure between
evaluation criteria.

A fuzzy relation is 6 : Y x Y — [0, 1] con-
strained by d(y, z) < min{7(y),7(2)}.

Universe S with a nonempty support subset
P C S (elements z € P).

An attribute v with value-domain Pv, plus
two maps: pdf : P x Pv — [0,1] and
pCF : Pvx Pv—[0,1].

pdf(xz,a) =: pp(z | a) is the degree to
which x belongs under facet/value a € Pu.
Explicit facet layer: each a € Pv provides
a separate membership view.

A contradiction map c(a,b) := pCF(a,b)
quantifies conflict between facets and sat-
isfies ¢(a,a) = 0 and c(a,b) = ¢(b, a).

The defining structure is not a relation on
P; rather, it is the pair (pdf,pCF) over
(P, Pv), enabling contradiction-aware ag-
gregation across facets.

Any fuzzy set 7 : P — [0,1] is recovered
as a special case by taking Pv = {a,} and
setting pd f(z,a,) = 7(x) (with necessarily
pCF(ay,a,) =0).

Definition 10 (Upside-down transform with contradiction reset for a Plithogenic Fuzzy Set). (cf. [16, 4]) Let
PS = (P,v, Pv,pdf,pCF) be a plithogenic fuzzy set. Write

,uP(:lj | a) = pdf<$?a’) € [0’ 1]7

c(a,b) := pCF(a,b) €

[O’ 1]7

where c(a,a) = 0 and ¢(a,b) = ¢(b,a) for all a,b € Pv. Fix an anchor value b € Pv and a threshold 7 € [0, 1],
and define the activation locus

A_(b) := {a€Pv :

c(a,b) > 7}

The upside—down transform with contradiction reset produces a new plithogenic fuzzy set
PSY.r = (P, v, Pv, pdfY~, pCFY.r)
defined as follows. For every x € Pand a € Pu,

1-— MP(JC | a)7

dfY(z,a) =
i f ( ) {NP(‘r ‘ a)a

if a € A_(b),
ifa¢ A (D).

Moreover, the updated contradiction function pCFU.~ : Py x Pv — [0,1] is given, for all u,v € Pv, by

pC’FUbwT(u, v) =

pCF(u,v), otherwise.

{0, if {u,v} = {a, b} for some a € A_(b),

In words: whenever a facet a is flipped because its contradiction with the anchor b meets (or exceeds) 7, the
pairwise contradiction between a and b is subsequently forced to 0, so that the same flip cannot be instantly
reactivated at the same threshold.

Example 11 (A concrete Upside-Down transform with contradiction reset). Let PS = (P, v, Pv,pdf,pCF) be
as in Definition 10. Consider

P={z, 29,25}, Pv={A,B,C},
where A, B, C represent three evaluation facets. The initial memberships pp(x | a) = pdf(x,a) are

| A B ¢
£, [0.20 0.60 0.70
5 [0.90 040 0.50
x5 | 0.30 0.80 0.20
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and the symmetric contradiction values ¢(-,-) = pCF(,-) are
0 0.30 0.80)

(ela) o= (0.30 0 0.40
wbe{4,B,C} 080 040 0

Choose anchor b = C and threshold 7 = 0.7. Then
A (C)={ae{A, B,C}:c(a,C)>0.7} ={A},
because ¢(A, C) = 0.80 while ¢(B, ') = 0.40 and ¢(C,C) = 0.

Membership update. Only the facet A is activated, so exactly the A-column is complemented:

]-_/lP(x‘A)v a=A4,

Ucor(g.a) =
pafee ) {up(wla% ae (B0},

Hence the transformed memberships are

A B C
;| 1-020=0.80 0.60 0.70
Ty | 1-090=0.10 0.40 0.50
3 | 1-0.30=0.70 0.80 0.20

Contradiction reset. Because {A, C'} is the unique activated pair, we reset that contradiction to 0 and keep all
other entries unchanged:

pCFUC,O.’?(u’rU) — 0, {U,’U} : {A>C}7
pCF(u,v), otherwise.

Therefore,

0 030 0
(Ve (a, b)) — (030 o o040].
a.be{A,B,C} 0 040 0

The output still satisfies pd fUc.0.7(-,-) € [0, 1], and the updated contradiction map remains symmetric with zero
diagonal. Furthermore, since cVc.0.7(A, C') = 0 < 7, the specific flip just applied cannot be immediately triggered
again at the same threshold, which illustrates the stabilizing role of the reset.

1.4 Fuzzy Risk Management

Risk management concerns identifying, assessing, and reducing potential losses so that their impact on organi-
zational goals is minimized [17, 18]. The use of fuzzy logic in risk-management formulations has been studied
widely; see, e.g., [19, 20].

Definition 12 (Mathematical framework for Fuzzy Risk Management). [21] Let (Q, 5, P) be a probability
space, and let D C R™ be a nonempty closed convex decision set. Let
L:D— L>®(Q,7,P), x +— L(x),
assign to each decision = € D an (essentially bounded) loss random variable L(z). Let
p: L>®(Q,F,P)—R
be a (coherent) risk measure in the crisp setting. Finally, let
®:R— [0,1]

be a continuous and strictly decreasing “satisfaction-risk” mapping (for example, ®(r) = e " for some A > 0).
Define the fuzzy decision set

A ={(z,p4(x)) |z € D},
where the membership function u 4 : D — [0,1] is

pry(x) = ®(p(L(z))).
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The fuzzy risk management problem is to choose
¥ € argmax p 4(x),
xeD

which is equivalent to min,,, p(L(z)) while expressing gradual preference through ®.

1.5 Fuzzy IT Service Management

IT Service Management (ITSM) refers to the systematic design, delivery, operation, and continual improvement
of IT services so that business requirements are met effectively, efficiently, and consistently [22, 23]. In practice,
widely adopted guidance includes ITIL (Information Technology Infrastructure Library) (cf. [24, 25, 26]) and
SIAM (Service Integration and Management) (cf. [27, 28]). Below we recall a mathematical formulation of
a Fuzzy IT Service Management framework, which extends ITSM by embedding fuzzy uncertainty into core
evaluation components.

Definition 13 (Mathematical Framework for Fuzzy IT Service Management). [29] The Fuzzy IT Service Man-
agement (FITSM) framework augments a conventional ITSM model by allowing uncertainty in key assessments
(such as quality, utility/cost, and reliability) to be represented by fuzzy values. Formally, an FITSM system is
described by a tuple

FITEM = (S,1,P,M,Q,U,R,C,p,1),

where:
e S: a finite set of IT services offered by an organization (e.g., S = {Semails Sweb» Sstorage })-

e [: a finite set of infrastructure components (servers, routers, storage devices, etc.). Each i € I has
associated attributes:

— reliability () € [0, 1], interpreted as the probability that ¢ operates without failure;
— operating cost ¢(i) € RT, interpreted as the cost of running or maintaining i.

e P: a finite set of IT management processes (e.g., Incident Management, Change Management, Problem
Management). Process compliance with service requirements is represented by a mapping

Y: P xS — {01},
where ¢(p, s) = 1 indicates that process p satisfies the requirements for service s.

e M: an allocation mapping assigning to each service the supporting infrastructure and associated
processes:
M: S — 2 x 2P
If M(s) = (I, P,), then I, C I is the set of components supporting s, and P, C P is the set of processes
associated with s.

e (: a collection of cost parameters (for example, overall budget constraints or cost multipliers attached
to particular components or processes).

e (: an aggregation function used to combine component reliabilities/availabilities; for instance, ¢ : 27 —
[0, 1] may aggregate the reliabilities of the components assigned to a service.

~

e Q: a fuzzy quality function
Q:S— PR,
assigning to each service a fuzzy number (or a fuzzy set of performance scores) to reflect uncertainty
in quality measurement; for example, a quality evaluation may be expressed as {200.65,201.00,200.30}
rather than a single scalar.

o U a fuzzy utility function
U:5— P(R),

capturing uncertainty in economic evaluation, such as variability in expected revenue or fluctuations in
operational costs.

T.Fujita, Plithgoenic Fuzzy Risk Management and Plithgoenic Fuzzy IT Service Management



Information Sciences with Applications, Vol. 08, 2025 53

An International Journal of Computational Intelligence Methods, and Applications

e R:a fuzzy reliability function
R s - P(0,1)),

assigning to each service a fuzzy representation of overall reliability.

In this formulation, the fuzzy maps Q, ﬁ, and R assign to each service a set of plausible values (or a fuzzy
number) rather than a single crisp value. This choice models real-world ambiguity in IT service evaluation and,
in particular, endows the FITSM framework with the characteristic structure of a fuzzy set.

2 Main Results

This section states the principal contributions of the paper and provides the corresponding explanations.

2.1 Plithogenic Fuzzy Risk Management

We incorporate several risk facets (attribute values) together with an explicit contradiction among facets. Each
facet yields a fuzzy acceptance level, and these facetwise acceptances are fused into a single overall acceptance
by a plithogenic aggregation rule whose behavior is controlled by the contradiction degrees.

Definition 14 (Plithogenic Fuzzy Risk Management). A Plithogenic Fuzzy Risk Management (PFRM) instance
is a tuple

PFRM := (D, v, Pv, pdf, pCF, Agg),
consisting of the following data:

e D C R" is a nonempty set of decisions.

e v is the fixed attribute “risk facet” with value domain Puv (finite or countable). Elements a € Pv represent
facets such as likelihood, impact, detectability, regulatory exposure, scenario choice, stakeholder viewpoint,
and so on.

e For every facet a € Pv we are given:
— a loss mapping L, : D — L*®(Q, F,P),
— a (coherent) risk measure p, : L*(Q, F,P) —» R,
— a continuous and strictly decreasing satisfaction map @, : R — [0, 1].

The induced facetwise fuzzy acceptance (plithogenic appurtenance) is

pdf(z,a) = (I)a(pa(La(.%‘))) € [07 1]v (xaa) € D x Puv.

e pCF : Pvx Pv—[0,1] is a contradiction function satisfying
pCF(a,b) =pCF(b,a), pCF(a,a) =0 (a,b € Pv).
Intuitively, pC'F(a, b) measures the degree of “tension” or “conflict” between facets a and b.

e Agg is a plithogenic aggregation rule producing an overall membership n(z) € [0,1] from the family
{pdf(z,a)},cp, while using pCF to interpolate between a fixed t-norm 7T : [0,1]> — [0,1] and a fixed
t-conorm S : [0, 1]2 — [0, 1].> For two facets a,b € Pv we define the contradiction-modulated binary operator

TpCF(paq§ avb) = (1 _pCF(a7b))T<pvq) + pCF(aab) S(p7Q)7 p,q € [07 1],

and for |Pv| > 2 we extend by any associative fold (e.g., a fixed order or a rule prioritizing a designated
facet). The resulting overall acceptance is

A(x) = Agg({pdf(z,a)},ep,, PCF) € [0,1].

Given PFRM, the plithogenic fuzzy risk management problem is

x* € argmax f(z).
reD

!Common choices include T'(p, g) = min{p, q} or pg, and S(p, q) = max{p, q} or p+ ¢ — pq.
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Example 15 (Mitigation Strategy Selection with Three Risk Facets). Decisions and facets. Let D = {x 4, x g, T}
represent three candidate mitigation strategies. Take three facets Pv = {L,I,D}, where L = likelihood, I =

impact, and D = detectability (a larger detectability score means poorer detectability).

Facetwise loss, risk measure, and satisfaction. For each facet a € Pv and decision « € D, let L,(z) be a bounded
loss random variable. In this simplified illustration, each L,(z) is constant and equals a score r, , € [0,10]. We

set p, to be the identity and take the satisfaction map

@, (r) := max{0,min{1, 1 —r/10}},

which decreases linearly with the score. Hence the facetwise acceptance is

rr,a
pdf(w.a) = @ p, (L) = 1- "2 €[0,1]
Write u(z | a) := pdf(z,a).
Facet scores and induced memberships.
| "ol Ted Tep | p(a|L) p@|1) p(z]D)
z,] 4 6 3 N 2, | 06 0.4 0.7
zg| 5 5 6 2y | 05 0.5 0.4
o | 3 7 5 o 0.7 0.3 0.5

Contradiction map. Let pCF : Pv x Pv — [0,1] be symmetric with pCF(a,a) = 0. Set
pCF(L,1) =05,  pCF(D)=03, pCF(L,D)=0.2

and extend by symmetry.

Plithogenic aggregation. Choose the t-norm T'(p, q¢) = pq and the t-conorm S(p,q) = p + q — pq. For facets a,b

define

T,crp,g; a,b) == (1—pCF(a,b))T(p,q) + pCF(a,b)S(p,q).

We aggregate in the fixed order 7 = (L,1,D) by

iy(x) o= p(@ | L), iy (x) = Tolh, (x), p(z | 1); L,T),
By(z) = Tpo(By(2), p(x | D); LD),  f(x) = Ty().

Step-by-step computation (explicit arithmetic). Using ¢ = pCF(a,b),

T,cr(p;g; a,b) = (1 —c)pg + c(p + ¢ — pq) = pq + cp + cq — 2cpg.

Tyt pp =06, py =04, pp=0.7.

f, =T,cp(0.6,0.4;L,1), ¢=0.5: pg=0.24, cp =0.30, cqg = 0.20, 2cpg = 0.24 = 7, = 0.50.
7 =T,c¢(0.50,0.70;1,D), ¢ = 0.3: pg=0.35, cp = 0.15, cq = 0.21, 2cpq = 0.21 = Ji(z4) = 0.50.

xg: pg, = 0.5, up=0.5, pp =04

f, =T,cp(0.5,0.5;L,1), ¢=0.5: pg=0.25, cp=0.25, cqg =0.25, 2cpg = 0.25 = 7, = 0.50.
B =T,cr(0.50,0.40;1,D), ¢ = 0.3 : pg=0.20, cp = 0.15, cq = 0.12, 2cpq = 0.12 = fa(z ) = 0.35.

ot pr, =07, pp =03, pp =0.5.

By =T,cp(0.7,0.3;L,1), ¢=0.5: pg=0.21, cp =0.35, cqg = 0.15, 2cpg = 0.21 = 11, = 0.50.
7t =T,6£(0.50,0.50;1,D), ¢ =0.3: pg=0.25, cp=0.15, cqg = 0.15, 2cpq = 0.15 = fi(z) = 0.40.

Decision. We obtain

filz) =050,  Tilzg) =040,  Ti(zp) =035,

so the PFRM rule selects x4 as the preferred mitigation strategy.
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Remark 16 (Design freedom and well-posedness). The scheme is flexible while remaining mathematically
well-defined: (i) pdf(z,a) € [0,1] holds by construction from ®, and p,; (i) for ¢ € [0,1] the mizture (1—c)T+cS
stays in [0,1] whenever T and S are standard t-(co)norms; hence (iii) @ : D — [0,1] is well-defined. Under
standard compactness/continuity hypotheses on D and on x + pdf(x,a), an optimizer exists.

Theorem 17 (Reduction to classical FRM). Let PFRM = (D, v, Pv,pdf,pCF,Agg) be as in Definition 14.
Assume that Pv = {ay} and pCF = 0. Then, for every z € D,

ﬂ(l’) = pdf(‘r7a’0) = (I)ao(pao (La0<x))>7
and mazimizing [t over D is identical to the classical FRM problem with (L, p,®) = (L, , pq,> Pa,)-

Proof: When Pv has exactly one element a, the aggregation rule receives only the single value pd f(x,ay), so by
the definition of an associative fold we have f(x) = pdf(x,ay). Since pCF(ay,ay) = 0, the contradiction-based
modulation does not affect anything. Substituting the definition of pdf yields the displayed identity, and the
two maximization problems coincide. U

Theorem 18 (Plithogenic fuzzy set structure). For any PFRM = (D, v, Pv,pdf,pCF,Agg) as in Definition 14,
the tuple
PS := (P,v,Pv,pdf,pCF), P:=D,

is a plithogenic fuzzy set (scalar appurtenance and scalar contradiction), namely:
(a) pdf : P x Pv—[0,1] is well-defined via pdf(x,a) = ®,(p,(L,(x))),
(b) pCF : Pv x Pv— [0,1] is symmetric and satisfies pCF(a,a) = 0.

Proof: (a) For each a € Pv and © € P = D, we have L,(z) € L*, hence p,(L,(z)) € R, and therefore
®,(p,(L,(x))) €[0,1] because ®, : R — [0,1]. Thus pdf(x,a) € [0,1] for all (z,a) € P x Pv.

(b) The axioms pC'F(a,b) = pCF(b,a) and pCF(a,a) = 0 are assumed in the definition of PFRM. These are pre-
cisely the required conditions for the contradiction function in a plithogenic fuzzy set. Hence (P, v, Pv, pdf, pCF')
is a plithogenic fuzzy set. O

2.2  Upside-Down Logic in Plithogenic Fuzzy Risk Management

We now enrich the Plithogenic Fuzzy Risk Management (PFRM) framework from Definition 14 with an explicit
and fully formal Upside—Down operator. The operator is triggered by strong contradiction against a chosen
anchor facet: whenever a facet lies in sufficiently large contradiction with the anchor, its facetwise acceptability
is complemented. We then verify that, when elementary acceptability statements are evaluated at the mid-cut,
this operator implements the characteristic Upside-Down Logic behavior (truth and falsity are interchanged) on
the activated facets.

Notation 19 (Facetwise memberships and contradiction). Let PFRM = (D, v, Pv,pdf,pCF, Agg) be a PFRM
instance. We denote
wlz|a) == pdf(z,a) € [0,1] (z € D, a € Pv),
and we write
c(a,b) := pCF(a,b) € [0,1] (a,b € Pv),
so that ¢(a,a) = 0 and ¢(a,b) = ¢(b,a) for all a,b € Pv.

Definition 20 (Anchor—threshold activated Upside-Down operator on PFRM). Fix an anchor facet b € Pv and
a contradiction threshold T € [0,1]. Define the activation locus
A (b) == {a€ Pv: c(a,b)>7}.

The associated Upside-Down transform U, . maps the instance PFRM to a new instance

PFRMYr := (D, v, Puv, pdfUs, pCF.- Agglvr),
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where, for every x € D and a € P,

1= (x| a), aeALb),

pz | a), a ¢ Ab),

0, {u,v} = {a, b} for some a € A_(b),
pCF(u,v), otherwise.

pisthoteo) = {

pCFY.r(u,v) := {

Moreover, Agg”» ™ is obtained from Agg by substituting pdfUs~ and pCEFVe.~ for pdf and pCF, respectively, while
keeping the underlying ¢t-norm/¢-conorm and the folding policy unchanged. In words: high contradiction against
the anchor complements the corresponding facetwise membership, and the specific anchor—facet contradiction is
then reset to 0 to stabilize the post-transform context.

Example 21 (Regulated medical-device go-to-market risk). Decisions and facets. Let D = {x 4, x5} be two
launch plans for a regulated medical device. Let
Pv={S,L,D,C,R}

denote the facets Safety impact (S), Likelihood (L), Detectability (D), Cost pressure (C), and Regulatory
exposure (R). Suppose the facetwise acceptances are

Plan | p(-|S) p(|L) wu(-ID) p(-|C) u(-|R)

T4 0.92 0.60 0.70 0.80 0.75

Ty 0.85 0.70 0.60 0.90 0.60

Contradiction and aggregation. Assume pCF is symmetric and satisfies pCF(a,a) = 0. The entries needed below
are

pCF(S,L) =0.30, pCF(L,D)=0.30, pCF(D,C)=0.40, pCF(C,R)=0.90.
Choose T'(p,q) = pq and S(p,q) = p+ q¢ — pq, and fold in the order 7 = (S,L, D, C,R) using

T,cr(p,q; a,b) = (1 — pCF(a,b)) pg + pCF(a,b) (p + q — pq).

Owverall memberships before the transform. For x 4 one obtains

i, = 0.92,
Ti, = Tep(0.92,0.60; S, L) = 0.676800,

fi, = T,cp(0.676800,0.70; L, D) = 0.602544,

7, = T,cp(0.602544,0.80; D, C) = 0.65742464,

fi. = T,0p(0.65742464,0.75; C, R) = 0.872227392,

so fi(z4) = 0.872227392. Likewise,
Ti(z ) = 0.827523432.

Hence, prior to any Upside-Down transformation, x4 is preferred.

Anchor—threshold Upside-Down. Let the anchor be R (regulatory exposure) and set 7 = 0.8. Then
A,(R) ={C},
because pCF(C,R) = 0.90 > 7. Applying Uy, . gives
p(z | C) =1— (x| C), pCFY(C,R) = 0.

In particular,
pY(z 4 | C) =1—0.80 = 0.20, pY(zg | C) =1—0.90 = 0.10.

Overall memberships after the transform. Refolding in the same order (only the C-column and the pair (C,R)
differ) yields
Y(z ) = 0.258839520,  7Y(xp) = 0.165024240.
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Thus the transformation strongly penalizes cost-driven acceptance under strict regulatory anchoring, while the
ranking x 4 > xp is preserved (with a larger separation).

Example 22 (Hospital disaster-recovery strategy selection). Decisions and facets. Let D = {x o, xcp } represent
two DR strategies: Active—Active (z,,) versus Cold Backup (zqg). Use facets

Pv = {SVL? B7 R’}7

where S is safety-critical impact, L is likelihood, B is budget adequacy, and R is regulatory/contractual compliance.
Assume the facetwise memberships are

Strategy | p(- [S) pu(-|L) u(|B) p(-|R)
Tan 090 085 020  0.60
Top 070  0.60  0.90  0.50

Contradiction and aggregation. For the fold order m = (S, L, B, R), assume the relevant contradictions are
pCF(S,L) =0.20, pCF(L,B)=0.50, pCF(B,R)=0.30, pCF(S,B)=0.80,
with symmetry and diagonal zeros as usual. Again take T'(p,q) = pg and S(p,q) = p + ¢ — pq, and fold using
Tyop
Owverall memberships before the transform. A direct calculation gives
() = 0.452430, A(zeg) = 0.503000,

so, before anchoring, Cold Backup is preferred.

Anchor—threshold Upside—Down. Choose the anchor b = S (patient safety) and 7 = 0.75. Then
A.(S) = {B},
because pCF(S,B) = 0.80 > 7. Applying Ug , yields

hence
pY(zan | B) =1 —0.20 = 0.80, pY(zep | B) =1—0.90 = 0.10.

Owverall memberships after the transform. Refolding with the flipped B values gives
Y (zpn) = 0614430,  wY(zop) = 0.303000.

Accordingly, after safety anchoring the preference reverses to Active—Active, reflecting a rule in which strong
safety priority turns budget-favorable choices into low-acceptance ones when they are in strong conflict with
safety.

Lemma 23 (Well-posedness). PFRMYv~ is again a valid PFRM instance. In particular: for all (x, a) € D x Pv,
one has pdfU»(x,a) € [0,1]; the map pCFY.~ remains symmetric and satisfies pPCFYv.(a,a) = 0; hence Agglr
defines an overall membership %~ : D — [0,1].

Proof: Because p(z | a) € [0,1], its complement 1 — u(z | a) also lies in [0, 1], so pdfY(x,a) € [0,1] for all
(x,a). The update rule for pCFUb.~ either keeps the original value pC F(u,v) or replaces it by 0 on an unordered
pair {a,b}; in either case, symmetry is preserved, and diagonal entries remain 0. Finally, AggUW uses the same
t-norm/t-conorm mixture and the same folding policy as Agg, and standard ¢-(co)norm mixtures map [0, 1]? to
[0, 1], so the folded output remains in [0, 1]. O
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Definition 24 (Elementary mid-cut acceptability statements). Let £ be the collection of elementary acceptance
statements

Accyjp(x,a) “decision x is acceptable on facet a at the mid-cut”, (r € D, a € Pv).

For a given PFRM instance PFRM, define the mid-cut valuation v, , on £ by

|a)
| a)

After applying U, ,, we evaluate the same statements using pd fUbr | producing a post-transform valuation vl’m.

True, p(x > =,
X < 3.

Ub,r(ACC1/2 (m, a)) = {

NSRS

False, p(

Theorem 25 (Upside-Down flip on elementary acceptances). Let PFRM be a PFRM instance and fix (b, 7).
For every x € D and a € Pv with p(z | a) # 3,

a € A‘r(b) = U{;,T(Accl/2(l‘7a’)) = _"Ub77'<ACC1/2(x7a)>’

a % A.,.(b) = Ug,T(ACCI/Q(‘Tva)) = vb,-z—(ACCl/Q (:L‘, a))

Proof: If a ¢ A.(b) then pdfY»=(z,a) = pu(z | a), so the inequality against 3 is identical before and after the
transform, and the valuation is unchanged.

Assume a € A_(b). Then pdfY=(z,a) =1— p(z | a). If p(z | a) > %, then 1 — u(z | a) < 1, so the statement
Acc, j(x,a) is True before the transform and False after it. If u(x | a) < 3, then 1 — pu(x | @) > 3, so the truth
1

value switches in the opposite direction. The boundary case pu(z | a) = 5 is excluded by hypothesis, and hence

the flip is strict on activated facets. i

Corollary 26 (Realization of Upside-Down Logic). Let the context be € = (b,7) and let the Upside—Down
operator be U(PFRM; C) = PFRMYsm on instances, with the language £ fized as above. Then for every lemma
A € £ of the form Accy jo(x,a) with p(z | a) # i

ve(A) = True = vye)(A) = False, ve(A) = False = vy(e)(A) = True,

whenever a € A (b), and vy e (A) = ve(A) whenever a ¢ A, (b). Thus, on the activated facets, the operator
implements the truth—falsity inversion axioms of Upside—Down Logic for the elementary mid-cut acceptability
statements.

Proof: This follows directly from Theorem 25 by rewriting the statements in valuation form and distinguishing
the cases a € A_(b) and a ¢ A_(b). O

2.8 Plithogenic Fuzzy IT Service Management

We extend the FITSM framework by adding a plithogenic layer: services are assessed through multiple explicit
evaluation facets (attribute values), and a contradiction function governs how the facetwise memberships are
fused into a single overall score.

Definition 27 (Plithogenic Fuzzy IT Service Management). A P-FITSM instance is a tuple
PFITSM = (S,1,P,M,Q,U, R,C,,4; v, Pv, pdf, pCF, Agg),

where (S,1,P, M, C}, (7, JNQ, C,¢,1) is an underlying FITSM system and, in addition, the following plithogenic
components are specified:

e v is the attribute “service evaluation facet” with a (finite or countable) value domain Pv. A standard
choice is Pv = {Q, U, R} (Quality, Utility, Reliability), while further facets (e.g. security, compliance,
sustainability) may also be included.
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e pdf: S x Pv—|0,1] is the plithogenic appurtenance map, assigning a membership degree to each pair

(s,a) by
HQ<8)7 a = Q7
_ MU(S)v a = Ua
pdf(s, C(,) - /lR(f), a= R,7

F(X,(s)), for any additional facet a,

where each addiNtional facet a is equipped with a fuzzy score )?a : 8 = ﬁ(ﬂ?) and a monotone scoring
functional F, : P(R) — [0, 1].
e pC'F : Pv x Pv — [0,1] is the contradiction function, required to be symmetric and reflexive-zero:
pCF(a,b) = pCF(b,a), pCF(a,a) =0 (a,b€ Pv).
Conceptually, pCF(a,b) measures the degree of conflict between facets a and b.

o Agg is a plithogenic aggregator that combines the facetwise vector {pdf(s,a)},cp, into an overall service
membership Ti(s) € [0,1] by mixing a fixed ¢t-norm 7T and a fixed t-conorm S according to contradiction.
For two facets a,b € Pv and inputs p, g € [0, 1], set

T,cr(p, g a,b) :== (1 — pCF(a,b)) T(p,q) + pCF(a,b) S(p,q).
When |Pv| > 2, fix a total order m = (7, ..., 7 p,) on Pv and define the associative fold
ﬁl (s) == pdf(s,m), ﬁk+1(3) = TpCF(ﬁk(s>’ pdf(s, 7Tk+1) > Tk 7Tk+1>7
finally setting fi(s) := H pyy (s).
The P-FITSM choice rule selects
s* € arg magcﬁ(s),
sE

or, more broadly, uses Ji as an objective/score inside portfolio or optimization constraints.

Example 28 (PFITSM for managed-database selection). Consider three managed database services
S = {DB-Alpha, DB-Beta, DB-Gamma}.
We conceﬂntptﬂe on the plithogenic evaluation layer from Definition 27; the FITSM components
(I,P,M,Q,U,R,C,p,1) are assumed to be present but will not be used explicitly below.
Let the attribute be the service evaluation facet v with
Pv={Q,U,R, Sec, Sus},
corresponding to Quality, Utility (economic benefit/cost), Reliability, Security, and Sustainability. From
normalized KPIs we obtain facetwise memberships
1Qs PUs PR BSecs Msus © S = [0,1],
and we set pdf(s,a) equal to the corresponding p,(s) (as permitted in Definition 27):

Service ‘ :U'Q Huy HRr HSec  Msus
DB-Alpha | 0.82 0.65 0.97 0.90 0.55

DB-Beta | 0.78 0.80 0.88 0.72 0.70
DB-Gamma | 0.70 0.55 0.92 0.85 0.90

Next, choose a symmetric contradiction map pCF : Pv x Pv — [0, 1] with diagonal zeros. The nontrivial entries
used later (upper-triangular form) are listed in Table 2; symmetry supplies the remaining entries.
Fix the folding order

7 = (R, Sec, Q, U, Sus)
on Pv. Take the product t-norm T'(p,q) = pg and the probabilistic-sum ¢-conorm S(p,q) = p + ¢ — pq. For
adjacent facets (a,b) we use the standard plithogenic mixer

T,cr(p, ¢; a,b) :== (1 —pCF(a,b))T(p,q) + pCF(a,b)S(p,q).
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TABLE 2. Selected contradiction degrees pC'F(a,b) among facets.

pCF(a,b) | Q U R Sec Sus
Q 0 030 0.20 0.10 0.20
U 0 0.70 0.80 0.50
R 0 0.20 0.30
Sec 0 0.20
Sus 0

For each s € S, define the fold by
By (s) s=pdf(s,my), T, (8) = Tpolf, (s), pdf(s, mppn); T Thin ),
and finally f(s) := H pyy (s) €10,1].
Step-by-step computation for DB-Alpha. Using 7 = (R, Sec, Q, U, Sus) and the values above:
fr, = pg = 0.97,
fi, = T,cr(0.97,0.90; R, Sec)
= (1—-0.20) (0.97 - 0.90)
+0.20 (0.97 + 0.90 — 0.97 - 0.90)
=0.8-0.873 + 0.2-0.997 = 0.8978,
Ry = T,cr(0.8978,0.82; Sec, Q)
= (1—0.10) (0.8978 - 0.82)
+0.10 (0.8978 + 0.82 — 0.8978 - 0.82)
=0.9-0.736196 + 0.1-0.981604 = 0.7607368,
= T,cr(0.7607368,0.65; Q,U)
= (1—-0.30) (0.7607368 - 0.65)
+0.30 (0.7607368 + 0.65 — 0.7607368 - 0.65)
=0.7-0.49447892 + 0.3-0.91625788 = 0.621012608,
e = T,cr(0.621012608, 0.55; U, Sus)
= (1 —10.50) (0.621012608 - 0.55)

+0.50 (0.621012608 + 0.55 — 0.621012608 - 0.55)
=0.5-0.3415569344 + 0.5-0.8294556736 = 0.585506304.

Applying the same fold to DB-Beta and DB-Gamma gives
72(DB-Alpha) = 0.5855, @(DB-Beta) = 0.6513, 7(DB-Gamma) = 0.6920,
where we round to 4 significant digits for readability.? Hence the PFITSM selection is
st € argrgleasxﬁ(s) = {DB-Gamma}.

Because pCF locally interpolates between conjunctive behavior (T) and disjunctive behavior (S), the fusion
explicitly reflects facet conflicts, for example U versus Sec with pCF (U, Sec) = 0.80 and U versus R with

pCF(U,R) = 0.70, while nearly compatible pairs such as Sec versus Q with 0.10 remain mostly conjunctive.
This illustrates how PFITSM extends fuzzy ITSM scoring by attaching an explicit contradiction layer and a

controlled plithogenic fusion mechanism.

Remark 29 (Well-posedness). Because T,S : [0,1]2 — [0,1] and pCF(a,b) € [0,1], the mixture T,cr maps
[0,1] to [0,1]. Consequently, each intermediate value T, (s) € [0,1] and the final score fi = S — [0,1] are

2Exact values: 0.585506304, 0.6513239104, and 0.69196112, respectively.
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well-defined. Moreover, if T and S are nondecreasing in each argument (as for standard t-(co)norms), then Toor
and the resulting fold are nondecreasing in every input membership pdf(s,a).

Fix an associative, nondecreasing fusion map Agpprgy ¢ [0, 1]™ — [0, 1] used by the baseline FITSM to combine
normalized facet scores (e.g. a product, a minimum, or a weighted Archimedean construction). Define

trrrsm (5) == Aprrsm(iio(s); iy (s), g (s), ... ) € [0,1].

Theorem 30 (Reduction to FITSM). Assume PFITSM satisfies:
(1) pPCF =0 on Pu;

(2) the chosen t-norm T and the fixed order m are such that the fold reproduces Aprpgy on the ordered
list {te(8) }aepo (for example, T = min for a conjunctive FITSM, or T (p,q) = pq for a multiplicative
FITSM);

(3) S is arbitrary (it is not invoked when pCF =0).
Then for all s € S, one has [i(s) = pprrsm (). In particular,

arg max fi(s) = arg max fprpgn (S)-
ses seS

Proof: When pCF = 0, the mixer reduces to T),cp(p,q; a,b) = T(p,q) for every pair (a,b). Therefore the
plithogenic fold becomes a pure T-fold along the fixed order 7. By the assumption on T and 7, this fold coincides
with Apppgy applied to (g (s), py(s), pgr(s),...). Hence fi(s) = puprpgm(s) for all s € S, and the maximizers
agree. O

Theorem 31 (Plithogenic fuzzy set structure of P-FITSM). Let PFITSM be as in Definition 27. Put P :=S
and keep the same (v, Pv,pdf,pCF). Then

PS := (P,v, Pv,pdf,pCF)

s a plithogenic fuzzy set.

Proof: By construction, pdf : S x Pv — [0, 1] is well-defined, and pCF : Pv x Pv — [0,1] is symmetric with
pCF(a,a) =0 for all a € Pv. These are exactly the defining axioms for a plithogenic fuzzy set in the scalar
appurtenance/contradiction setting. Therefore PSS is a plithogenic fuzzy set. O

2.4  Upside-Down Logic in Plithogenic Fuzzy IT Service Management

This subsection introduces a rigorous Upside-Down operator for the Plithogenic Fuzzy IT Service Management
(PFITSM) setting. The operator is triggered by an anchor facet and a contradiction threshold: facets that strongly
contradict the anchor have their acceptability complemented, and the corresponding anchor—facet contradictions
are reset. We then verify that, under a natural mid-cut truth valuation on elementary acceptance statements,
the operator enforces the characteristic truth«>falsity inversion of Upside-Down Logic on the activated facets.

Notation 32 (PFITSM data and facetwise memberships). Let
PFITSM = (S, v, Pv, pdf, pCF, Agg, ...)

be a PFITSM instance, where S is a finite set of services, v is the fixed attribute (“service facet”), Puv is its
value domain (e.g., availability, cost, customer satisfaction, SLA compliance), pdf : S x Pv — [0,1] is the
facetwise membership (fuzzy acceptance), and pCF : Pv x Pv — [0, 1] is a symmetric contradiction map with
pCF(a,a) = 0 for every a € Pv. The aggregator Agg combines {pdf(s,a)},cp, into a global membership
a(s) € 10,1].
We write

u(s | a) :==pdf(s,a) €[0,1],  c(a,b) :=pCF(a,b) € [0,1].
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When it is convenient to be explicit, we assume Agg is built from a ¢t-norm T and a t-conorm S through the
contradiction-modulated mixer

T.(p,q; a,b) :== (1 —c(a, b)) T'(p, q) + c(a,b) S(p, q),
and then folded associatively across the facets in Puv.

Definition 33 (Anchor-threshold Upside-Down operator on PFITSM). Fix an anchor facet b € Pv and a
contradiction threshold T € [0, 1]. Define the activation locus

A (b):={a€ Pv: c(a,b) > 7}

The Upside-Down transform U, . maps PFITSM to a new PFITSM instance

PFITSMYe = (S, v, Pv, pdfUsr, pCFVr Agglvr, ..),
where, for every service s € S and facet a € Pv,
1= (s a), ac A, ),
p(s | a), a ¢ Ab),
0, {u,v} = {a, b} for some a € A_(b),
pCF(u,v), otherwise.

pisto = {

pOFY.r(u,v) := {

Finally, AggU”«T is obtained from Agg by substituting pd Y+ and pCFU.~ (the underlying ¢-(co)norms and the
folding policy are unchanged).

Example 34 (Cost-anchored FinOps pivot for a cloud email service). Service and facets. Let S = {s } be a

managed cloud email service and consider
Pv = {Ava, Sec, Lat, CS, Cost},

representing Availability, Security compliance, Latency, Customer Satisfaction, and Budget Adherence (Cost).
Choose the anchor b = Cost and set 7 = 0.7.

email

Contradictions relative to the anchor. Assume (with symmetric extension)
c(Ava, Cost) = 0.85, ¢(Sec, Cost) = 0.75, c¢(Lat, Cost) = 0.60, ¢(CS, Cost) = 0.50, ¢(Cost, Cost) = 0.
Hence
A_(b) = {Ava, Sec}.
Baseline facetwise acceptances. Suppose
(5 eammit | AVR) = 0.9, (St | Sec) = 092, (5, | Lat) = 0.88,
1(Semail | CS) =0.90,  p(Semap | Cost) = 0.35.

Apply U, ;. By Definition 33, the activated facets are complemented and the corresponding contradictions to
the anchor are reset:

pdeb’T(semailv a) — 1= lu(semail | a)7 ac€ {AV&, SGC},
1(Semail | @), a € {Lat, CS, Cost},
pCFY.7(Ava, Cost) = 0, pCFUbr(Sec, Cost) = 0,
and pCFY.~(u,v) = pCF(u,v) for all other pairs.

Numerical values after the transform.
Ava : 1—0.97=0.03,

Sec : 1—0.92=0.08,
Lat : 0.88 (unchanged),
CS : 0.90 (unchanged),

Cost : 0.35 (unchanged).
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Interpretation. Under a FinOps review that anchors on Budget Adherence, the highly cost-contradictory facets
(Availability and Security) undergo acceptance inversion: large baseline memberships become small post-transform
memberships. The reset in pCFUb.~ prevents immediate reactivation at the same threshold in subsequent analyses
(e.g., repeated aggregation).

Example 35 (Privacy-first shift for an AI chatbot platform). Service and facets. Let S = {s.papor} b an Al
chatbot service and consider

Pv = {GDPR, Pers, Telem, Perf, DevVel},

standing for GDPR Compliance, Personalization, Telemetry/Logging, Performance, and Developer Velocity.
Choose the privacy anchor b = GDPR and set 7 = 0.8.

Contradictions relative to the anchor. Assume (with symmetric extension)
¢(Pers, GDPR) = 0.90, ¢(Telem, GDPR) = 0.85,
¢(Perf, GDPR) = 0.40, ¢(DevVel, GDPR) = 0.30,
¢(GDPR, GDPR) = 0.
Then
A, (b) = {Pers, Telem}.
Baseline facetwise acceptances. Suppose
(Schatbot | Pers) =0.86,  p(Schatbor | Telem) = 0.80,
1 (Sehatbot | Perf) = 0.82,  fi(Schatbor | DevVel) = 0.75,
1(Schatbot | GDPR) = 0.45.

Apply U, ,. The activated facets are complemented and their contradictions to the anchor are reset:

1 — p(Schatbot | @), a € {Pers, Telem},

dfUv (s ,a) =
PAf 7t (Schatbor: @) {u(schatbot | @), a € {Perf, DevVel, GDPR},

pC FY.r(Pers, GDPR) = 0, pC FY.r(Telem, GDPR) = 0,
and pCFY.~(u,v) = pCF(u,v) otherwise.

Numerical values after the transform.

Pers : 1—0.86 = 0.14,
Telem : 1—0.80=0.20,
Perf : 0.82 (unchanged),

DevVel : 0.75 (unchanged),
GDPR : 0.45 (unchanged).

Interpretation. With GDPR as the anchor and a strict threshold, Personalization and Telemetry are treated as
high-conflict facets and thus invert under U, ,: what was previously advantageous becomes disadvantageous
relative to compliance. The contradiction reset yields a stabilized post-transform context for further evaluation
(e.g., refolding or constrained optimization).

Lemma 36 (Well-posedness). The transformed instance PFITSMYbm is well-defined: for all (s,a) € S x Puv,
one has pdfU(s,a) € [0,1]; the updated map pCFY.~ remains symmetric and satisfies pCFY.7(a,a) = 0; in
particular, the resulting aggregated membership TV : S — [0,1] is defined.

Proof: Because (s | a) € [0,1], its complement 1 — u(s | a) also lies in [0, 1], so pdfU7(s,a) € [0,1] for every
(s,a). The definition of pCFYs.~ only changes selected off-diagonal entries by setting them to 0, hence symmetry
and diagonal zeros are preserved. If Agg is constructed from standard ¢-(co)norm mixers, each binary step maps
[0,1]2 to [0, 1], and so the associative fold produces values in [0, 1] as well. O
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Notation 37 (Mid-cut language and valuation). Let £ consist of elementary acceptance statements
Accyjp(s,a) “service s is acceptable on facet a at the mid-cut”

For a PFITSM instance, define the mid-cut valuation

True, p(s]|a)> 3
Acc ) = ’ iy
vb77< 1/2(s a)) {False, u(s|a) <3

After applying U, ., we evaluate the same predicate using pd f U~ thereby obtaining the post-transform valuation

/7
V-

Theorem 38 (Truth-falsity inversion on activated facets). Fiz (b,7) and let s € S, a € Pv satisfy u(s | a) # 3.
Then

a€ A (b) = vy (Accy)y(s,a)) = —vy (Accy p(s,a)),
and

ag A (b) = v (Accy)y(s,a)) = v, (Accy )5 (s, a)).

Proof: If a ¢ A_(b), then by definition pdfUY~(s,a) = pu(s | a), so the truth value under the mid-cut predicate is
unchanged.
If a € A (b), then pdfU»~(s,a) =1 — p(s | a). Whenever u(s | a) # %, the numbers u(s | a) and 1 — u(s | a)

lie on opposite sides of %, hence the mid-cut truth value is inverted: True becomes False and False becomes
True. U

3 Additional Results: U-Model for Risk Management and IT Service Management

As an additional contribution we introduce a U-model for Risk Management and IT Service Management. This
is an extension based on the Uncertain Set template [30, 31].

An Uncertain Set (briefly, a U-Set) assigns to each element of a universe an uncertainty value taken from a
prescribed degree-domain. By varying the degree-domain one can regard fuzzy, intuitionistic fuzzy, neutrosophic,
plithogenic, and related degree-based schemes as instances of a single pattern [31].

Definition 39 (Uncertain Set (U-Set)). [31] Let X be a nonempty set and let M be an uncertainty model with
degree-domain
Dom(M) C [0,1]%
for some integer k > 1. A U-Set of type M on X is a mapping
s s X — Dom(M).

For each = € X, the element p,,(z) € Dom(M) is called the M-membership degree (or M-uncertainty value) of
x. With suitable choices of M, this definition recovers standard degree-based set models (fuzzy, intuitionistic
fuzzy, neutrosophic, plithogenic, and others).

3.1 Uncertain Risk Management

Uncertain Risk Management evaluates decisions by mapping each option to an uncertainty membership over a
degree-domain, generalizing fuzzy risk measures. We now formulate Risk Management directly as a U-Set on the
decision domain.

Definition 40 (Uncertain Risk Management (URM)). Let (Q,F,P) be a probability space and let D C R™ be
a nonempty decision set. Let
L:D— L>®(Q,7,P), x+— L(x),
assign to each decision x € D an essentially bounded loss random variable, and let
p: L*(Q,F,P)—R

be a (coherent) risk measure in the usual crisp sense.
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Fix an uncertainty model M with degree-domain Dom(M) C [0, 1]*. Let
®,,: R— Dom(M)

be a continuous mapping which is strictly decreasing in risk in the coordinatewise order on [0, 1]*, i.e., for 7, < 7,
we have ®,,(ry) < ®,,(ry) (strictly smaller in at least one coordinate and no larger in any coordinate).

Define the URM acceptance map by
iail@) = pfp(L(a))) € Dom(M), a€D.
Thus (D, ) is the uncertain decision set of type M.
To compare uncertainty values in Dom(M), fix a ranking functional
Score,; : Dom(M) — R
that is nondecreasing in each coordinate. The URM decision problem is

z* € argmax Scorey; (py ().
xeD

Proposition 41 (Well-definedness and U-Set structure of URM). In Definition 40, the mapping pp, 2 D —
Dom(M) is well-defined. Hence (D, ;) is a U-Set of type M on the universe D.

Proof: For any x € D, L(z) € L*>®(Q, F,P) by assumption, so p(L(z)) € R. Since ®,, : R — Dom(M), we have
par(x) = @a(p(L(x))) € Dom(M). Therefore iy, is a mapping from D to Dom (M), i.e., a U-Set of type M on
D. (]

Theorem 42 (URM generalizes Fuzzy Risk Management). Assume k = 1 and Dom(M) = [0,1]. Suppose
@, = ® is a continuous strictly decreasing mapping ® : R — [0, 1], and choose Score,,(t) =t fort € [0,1]. Then
the URM acceptance map becomes

ny(x) = Ap(L(z))) € [0,1],
and the URM optimization

arg max Score ()
xe
coincides with the fuzzy risk management rule
L
argmax Hp(L(z)))

(as in the fuzzy framework).

Proof: Under k = 1 and Dom(M) = [0, 1], the map ®,, is a scalar map ® : R — [0, 1]. Hence Definition 40 gives
par(z) = @(p(L(2))) € [0,1].
With Score,,(t) = ¢, maximizing Score (i, (z)) is exactly maximizing (), so
arg max Score;(p(x)) = argmax py,(z) = argmax ®(p(L(x))).
xeD xzeD xeD

This is precisely the fuzzy risk management objective. O

3.2  Uncertain IT Service Management

Uncertain IT Service Management models service evaluation by assigning each service a multi-dimensional
uncertainty membership from a chosen degree-domain. We now introduce an uncertain-set extension of IT
Service Management, in parallel to the URM construction.

Definition 43 (Uncertain IT Service Management (UITSM)). Let S be a finite set of IT services, I a finite set
of infrastructure components, and P a finite set of ITSM processes. Let

M:S — 2l x 2P, st (I, P,),
be an allocation mapping, let C' denote the relevant cost/budget parameters, let

(10:21—>[0,1]
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be an aggregation function for component-level reliability /availability, and let
Y:PxS—{0,1}
be a process compliance predicate.
Fix m > 1 normalized evaluation facets (KPIs). Concretely, let
By eees o 2 S — [0, 1]

be facetwise acceptance scores for each service (examples: normalized quality, utility, reliability, security,
compliance, sustainability, customer satisfaction, latency, etc.). Write

1u(s) = (py (), oo i (5)) € 0,1]™.

Fix an uncertainty model M with degree-domain Dom(M) C [0, 1]*. Let

®,,:[0,1]™ — Dom(M)
be a continuous fusion map producing an M-uncertainty value from the facet vector. Define the UITSM
membership map by

ial(s) == @p(u(s)) € Dom(M),  seS.

Thus (S, uy,) is a U-Set of type M on the universe of services.
To select services, fix a ranking functional

Scorey; : Dom(M) — R

that is nondecreasing in each coordinate, and define the UITSM decision rule by

s* € argmax Scorey; (py(s)).
seS

Proposition 44 (Well-definedness and U-Set structure of UITSM). In Definition 43, the mapping p,, : S —
Dom(M) is well-defined. Hence (S, ) is a U-Set of type M on the universe S.

Proof: For each s € S, we have u(s) € [0,1]™ by construction of the normalized facet scores. Since ®,; :
[0,1)™ — Dom(M), it follows that py,(s) = @ (u(s)) € Dom(M). Therefore p1,, is a mapping from S to
Dom(M), i.e., a U-Set of type M on S. O

Theorem 45 (UITSM generalizes Fuzzy IT Service Management). Assume k=1 and Dom(M) = [0,1]. Let
Aprreym ¢ [0, 1)™ — [0,1] be any associative, nondecreasing fusion used in the fuzzy ITSM layer to combine the
normalized facet scores into a single fuzzy acceptance value, and define
perrsm(s) = Aprrsm(p(s)) € [0,1].
Choose @, = Aprrgm and Scorey (t) =t on [0,1]. Then for all s € S,
ar(8) = prrrsm(s),

and the UITSM selection rule

arg max Score (pps(s))
sE

coincides with the fuzzy ITSM rule argmax g ptprrgnm (S)-

Proof: Under k = 1 and Dom(M) = [0,1], the map ®,, is scalar-valued. With ®,; = Appgy, Definition 43
gives

par(s) = @pr(p(s)) = Aprrsm(1(s)) = pprrsm(s) € [0,1].
With Score,,(t) = ¢, maximizing Score,;(1,,(s)) is the same as maximizing g ,,(s), hence

arg max Score;(p,,(s)) = argmax p,,(s) = arg max piprpgp (S)-
sesS sesS ses

Therefore the UI'TSM rule reduces to the fuzzy I'TSM rule in this specialization. O
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Remark 46 (Where the uncertain-set idea enters). In both URM and UITSM the central object is a membership
mapping into a degree-domain:

ty s D — Dom(M) (URM), S — Dom(M) (UITSM).

Allowing Dom(M) C [0,1]* with k > 1 permits multi-component uncertainty values (e.g., pairs/triples recording
acceptance, hesitation, indeterminacy, or other model-dependent coordinates). Theorems 42 and 45 show that the
fuzzy models are recovered as the special case k =1, Dom(M) = [0, 1].

4 Conclusion

In this paper, we formally introduced Plithogenic Fuzzy Risk Management and Plithogenic Fuzzy IT Service
Management and examined their core structural properties. In addition, we proposed a U-model for both Risk
Management and IT Service Management as a further conceptual extension. For reference, Table 3 summarizes
the comparison between Fuzzy Risk Management (FRM) and Plithogenic Fuzzy Risk Management (PFRM),
while Table 4 presents an overview of the comparison between Fuzzy IT Service Management (FITSM) and
Plithogenic Fuzzy IT Service Management (PFITSM).

TABLE 3. Concise comparison of Fuzzy Risk Management (FRM) and Plithogenic Fuzzy Risk
Management (PFRM).

Aspect Fuzzy Risk Management (FRM) Plithogenic Fuzzy Risk Management

(PFRM)

Decisions x € D C R™.
Single acceptance degree p 4(z) € [0,1] for

Decision universe Decisions € D C R" (same universe).

Evaluation granularity Facetwise acceptance degrees pdf(x,a) €

Facet/model structure

Uncertainty representation

Contradiction/conflict handling

Aggregation mechanism

Optimization objective

Reduction condition

each decision.

Implicitly single criterion: one loss map L,
one risk measure p, one satisfaction map
.

Fuzziness via ®(p(L(z))) (gradual accept-
ability).

No explicit conflict parameter among cri-
teria.

No separate aggregation (single member-
ship).

x* € argmax,.p i 4(z) (equivalently mini-
mize p(L(z)) under monotone ®).

Baseline model.

[0,1] for each facet a € Pv, then aggre-
gated to fm(x) € [0, 1].

Explicit multi-facet modeling: for each
a € Pv, (L., p,,®,) defines pdf(z,a) =
D, (pa(Ly(2)))-

Fuzziness per facet plus inter-facet contra-
diction through pCF : Pv x Pv — [0,1].
Explicit contradiction map pCF(a,b)
(symmetric, pCF(a,a) = 0) quantifies con-
flict between facets.

Plithogenic aggregation Agg mixes a t-
norm T and ¢-conorm S using pC'F(a,b),
producing 7i(x).

x* € argmax,., i(z) (overall acceptabil-
ity after contradiction-modulated fusion).
Reduces to FRM when Pv = {a,} and
pCF =0, giving fi(z) = pdf(z, ay).

Future directions include developing extended models based on Graphs [32], HyperGraphs [33], and SuperHy-
perGraphs [34, 35]. Since this work is entirely theoretical, we also hope that subsequent studies will undertake
computational experiments, machine-learning approaches, and quantitative analyses carried out by domain
specialists.
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TABLE 4. Concise comparison of Fuzzy IT Service Management (FITSM) and Plithogenic Fuzzy
IT Service Management (PFITSM).

Aspect

Fuzzy IT Service
(FITSM)

Management

Plithogenic Fuzzy IT Service Man-
agement (P-FITSM / PFITSM)

Service universe
Core ITSM structure

Facet/model structure

Uncertainty representation

Contradiction/conflict handling

Aggregation mechanism

Decision rule

Reduction condition

Services s € S.

Uses (S,I,P,M,C,p,v) plus fuzzy evalu-
ation functions (e.g. Q.U R).

Typically evaluates a service by a set of
fuzzy facet scores (e.g. Quality/Utility/Re-
liability), then combines them by a chosen
fusion rule.

Fuzziness mainly comes from fuzzy-valued
assessments (e.g. @(s)) mapped to normal-
ized scores.

No explicit contradiction parameter be-
tween facets (trade-offs handled implicitly
by the fusion choice).

A baseline associative fusion Agrgm
0,1 — [0,1] (e.g. product, min,
weighted norm) yields an overall member-
ship pprrsm(s)-

§" € argmax,cg fprrsm ()

Baseline model.

Services s € S (same universe).

Keeps the same I'TSM backbone and adds
a plithogenic layer (v, Pv, pdf,pCF,Agg).
Makes facets explicit as attribute val-
ues a € Pv (canonical Pv = {Q,U,R},
extensible), with facetwise memberships
pdf(s,a) €[0,1].

Fuzziness per facet, plus explicit contradic-
tion among facets via pCF(a,b) € [0, 1].

Explicit contradiction function pC'F (sym-
metric, diagonal zero) controls how
strongly conflicts affect fusion facet-by-
facet.

Plithogenic aggregator Agg folds facet
scores using T,op = (1 —pCF)T 4 pCFS
to produce 7(s).

s* € argmax,.gi(s) (or used inside con-
strained portfolio/optimization).

Reduces to FITSM when pCF =0 and T
is chosen so that the fold coincides with
Aprrsms 8iving 7i(s) = piprrsm (s)-
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