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Abstract

Many well-known formalisms for handling uncertainty—such as Fuzzy Sets, Intuitionistic Fuzzy Sets,
Neutrosophic Sets, and Plithogenic Sets—have been widely investigated and employed in diverse application
areas. Building on Plithogenic Sets, two higher-order extensions have been proposed: the HyperPlithogenic
Set, which generalises the original Plithogenic structure, and the SuperHyperPlithogenic Set, which in
turn subsumes both Plithogenic and HyperPlithogenic Sets.

This paper demonstrates how these three families—Plithogenic, HyperPlithogenic, and SuperHyper-
Plithogenic Sets—can be employed for weather forecasting. Because meteorological prediction has already
been modelled within Fuzzy and Neutrosophic frameworks, extending the analysis to the richer Plithogenic
hierarchy constitutes a natural and promising next step.
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1| Preliminaries

This section reviews the basic notions and terminology that will be used throughout the paper. Unless stated
otherwise, all sets under consideration are assumed to be finite.

1.1 | n-th Powerset

The n-th powerset of a set S is obtained by applying the powerset operator successively n times[1]. Thus it
collects progressively deeper families of subsets and captures higher-order grouping structures within S. Formal
definitions follow.

Definition 1 (Universal Set). Let U be a universal set containing every object under consideration. All other
sets in this work are assumed to satisfy S C U.
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Definition 2 (Base Set). [2] A base set S is any subset of U from which more complex constructions originate:
S CU.

All subsequent constructions such as powersets or higher—order powersets begin with elements of S.

Definition 3 (Power Set). [3] The power set of S, denoted P(S5), is the set of all subsets of S:
P(S)y={A|ACS}

Definition 4 (n-th Power Set). [1, 4] Define recursively the n-th power set of S by
PA(S) =P(S), PHU(S) = P(PM(S)), n>1.
Similarly, the n-th nonempty power set of S is
PO(S) = P(S)N{D}, P HV(S) = P(P(S)) \ {0}
Example 5 (Hierarchical Weather Forecasting with Higher-Order Power Sets). Base level (n = 0). Consider
the set of elementary weather states

S = {Sunny, Cloudy, Rainy, Snowy}.

First power set (n = 1). The ordinary powerset
PI(S) = P(S)
lists every possible hourly condition miz. For instance {Sunny, Windy} (if “Windy”’ is encoded as a modifier) or

{Rainy, Cloudy} (light showers).

Second power set (n =2). Each element of
P(S) = APD(S))
is a set of hourly mizes, i.e. a single-day forecast scenario. An example day could be
Dyion = {{Sunny}, {Cloudy}, {Rainy, Cloudy}},

meaning: morning sunshine, afternoon overcast, evening showers.

Third power set (n = 3). An element of
PI(S) = HP(S))
is a set of day-scenarios, hence a weekly ensemble forecast. For instance

W= {‘DMon7 DTuca Dch}

captures three alternative five-day outlooks produced by different numerical weather models.

Interpretation in practice.
(1) PM(S) (hour layer) — possible blends of basic states within an hour.
(2) P?(9) (day layer) — sequences (as sets) of hourly blends forming one-day scenarios.

(3) PB)(S) (week layer) — collections of daily scenarios representing multi-model or probabilistic weekly
forecasts.

Higher orders (n > 3) could encode, for example, portfolios of weekly ensembles maintained by different
meteorological centres. Thus the n-th powerset provides a natural algebraic hierarchy for structuring increasingly
coarser—but information-rich—Ilevels of real-world weather prediction.
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2 | Plithogenic Set for Weather Prediction

In this section, we examine the Plithogenic Set for Weather Prediction. Plithogenic Sets are advanced mathe-
matical structures that generalize fuzzy [5, 6] or neutrosophic sets [7, 8] by integrating contradictory attributes
and multiple membership degrees[9, 10, 11, 12].

Definition 6 (Plithogenic Set). [13, 9] Let S be a universal set, and P C S. A Plithogenic Set PS is defined as:

PS = (P,v,Pv,pdf,pCF)

where:

e v is an attribute.

e Pu is the range of possible values for the attribute v.

e pdf: P x Pv—[0,1]° is the Degree of Appurtenance Function (DAF) !

e pC'F : Pv x Pv — [0,1]" is the Degree of Contradiction Function (DCF).
These functions satisfy the following axioms for all a,b € Puv:

(1) Reflexivity of Contradiction Function:
pCF(a,a) =0

(2) Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)
Example 7 (Weather Prediction using Precipitation Intensity). Needless to say, Weather Prediction estimates
future meteorological conditions, including temperature, precipitation, and wind, using various advanced data-
driven predictive models (cf.[14]). Precipitation Intensity in weather quantifies the rate of rainfall or snowfall,

indicating classifications like light, moderate, or heavy precipitation conditions (cf.[15, 16]). Consider a weather
prediction scenario for a given day. Let

S = {Sunny, Partly Cloudy, Rainy}
be the universal set of weather conditions, and let
P = {Sunny, Partly Cloudy, Rainy}
be the set of predicted weather conditions. Define the attribute
v = Precipitation Intensity,
with the set of possible values
Pv = {None, Light, Moderate, Heavy}.
The Degree of Appurtenance Function pdf : P x Pv — [0, 1] is defined as:
pd f(Sunny, None) = 0.95, pd f(Sunny, Light) = 0.05,
pd f(Partly Cloudy, None) = 0.50, pdf(Partly Cloudy, Light) = 0.50,
pd f(Rainy, Moderate) = 0.70, pdf(Rainy, Heavy) = 0.30,
with all other combinations assumed to be zero.
1t is important to note that the definition of the Degree of Appurtenance Function varies across different papers. Some studies

define this concept using the power set, while others simplify it by avoiding the use of the power set [12]. The author has consistently
defined the Classical Plithogenic Set without employing the power set.
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The Degree of Contradiction Function pCF : Pv x Pv — [0,1] is defined by:
pCF(None,None) =0, pCF(None,Light) = 0.2,
pCF(None, Moderate) = 0.5, pCF(None, Heavy) = 1.0,
pCF(Light, Light) = 0, pCF(Light, Moderate) = 0.3,
pCF(Light, Heavy) = 0.8, pCF(Moderate, Moderate) = 0,
pCF(Moderate, Heavy) = 0.6, pCF(Heavy, Heavy) = 0.
Note that pC'F is symmetric, i.e., pCF(a,b) = pCF(b,a) for all a,b € Pv.
Example 8 (Weather Prediction using Temperature Levels). Consider a weather prediction scenario for a given
day. Let
S = {Cool, Mild, Hot }
be the universal set of temperature conditions, and let
P = {Cool,Mild, Hot }
be the set of predicted temperature conditions. Define the attribute
v = Temperature Level,
with the set of possible values
Pv = {Low, Medium, High}.
The Degree of Appurtenance Function pdf : P x Pv — [0, 1] is defined as:
pd f(Cool, Low) = 0.8, pdf(Cool, Medium) = 0.2,
pd f(Mild, Medium) = 0.7, pdf(Mild, High) = 0.3,
pd f(Hot, High) = 0.9, pdf(Hot, Medium) = 0.1,
with all other combinations assumed to be zero.
The Degree of Contradiction Function pCF : Pv x Pv — [0, 1] is defined by:
pCF(Low,Low) =0, pCF(Low,Medium) = 0.4,
pCF(Low,High) = 0.9, pCF(Medium, Medium) = 0,
pCF(Medium, High) = 0.5, pCF(High, High) = 0.
Again, note that pCF'is symmetric.

3 | HyperPlithogenic Set for Weather Prediction

In this section, we examine the HyperPlithogenic Set for Weather Prediction. HyperPlithogenic Sets are advanced
higher-level generalizations of Plithogenic Sets, seamlessly incorporating multiple attributes, each with varying
membership degrees, and contradictions [17, 18].

Definition 9 (HyperPlithogenic Set). [19] Let X be a non-empty set, and let A be a set of attributes. For each
attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS over X is defined as:
HPS = (P, {vi ?:17{Pvi}?:h{pdfi}?:l’pCF)
where:
e P C X is a subset of the universe.

e For each attribute v;, Pv, is the set of possible values.

e For each attribute v, pglfi : Px Pv; — ]5([0, 1]%) is the Hyper Degree of Appurtenance Function (HDAF),
assigning to each element x € P and attribute value a; € Pv,; a set of membership degrees.
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e pCF : (U:’:l Pvi> X (U:,L:l Pvi) — [0,1]* is the Degree of Contradiction Function (DCF).

Example 10 (HyperPlithogenic Set for a Single Weather Forecast). Let X be the set of weather forecast events
and consider a single forecast event P = {z} for a given day. Define two attributes:

v; = Temperature with Pv; = {Low, Moderate, High},
v, = Precipitation with Pv, = {None, Light, Heavy}.
The Hyper Degree of Appurtenance Functions (HDAFs) for the forecast x are defined as follows:
jr)glf1 (z,Low) = {0.25}, pglf1 (z, Moderate) = {0.65}, pglfl(x,High) = {0.10},
pglfQ(a:,None) = {0.80}, lefQ(m,Light) = {0.15}, pZZfQ(x, Heavy) = {0.05}.
The Degree of Contradiction Function pC'F'is defined on the union
Pv; U Pv, = {Low, Moderate, High, None, Light, Heavy}.

For example, we may set:
pCF(Low, Moderate) = 0.3, pCF(Low,High) =0.7, pCF(Moderate, High) = 0.4,

pCF(None, Light) = 0.2, pCF(None,Heavy) = 0.8, pCF(Light, Heavy) = 0.5,
pCF(Moderate, None) = 0.4, pCF(High, Heavy) = 0.3.
By definition, pC'F(a,a) = 0 for all a € Pv; U Pu,.
Thus, the HyperPlithogenic Set for this weather forecast is given by:
HPS = ({a:}, {Temperature, Precipitation}, { Pvy, Pvsy }, {p&fl,pan},pCF) .

Example 11 (HyperPlithogenic Set for Multiple Weather Forecasts). Let X be the set of weather forecast
events and consider two forecast events P = {x,, x5} for two consecutive days. Define the attributes as:

vy = Temperature with Pv; = {Low, Moderate, High},
vy = Precipitation with Pwv, = {None, Light, Heavy}.
The Hyper Degree of Appurtenance Functions for the forecast events are given by:
For z:
pdf, (zy,Low) = {0.30}, pdf (v, Moderate) = {0.50}, pdf,(z;,High) = {0.20},
pdf,(z,,None) = {0.75}, pdf,(z,, Light) = {0.20}, pdf,(z,, Heavy) = {0.05}.
For z,:
pdf, (z9,Low) = {0.15}, pdf (v,, Moderate) = {0.60}, pdf, (x5, High) = {0.25},
pglfQ(xQ, None) = {0.65}, pZifQ(xQ,Light) = {0.30}, lefQ(xz,Heavy) = {0.05}.
The Degree of Contradiction Function pC'F'is defined on
Py, U Pvy, = {Low, Moderate, High, None, Light, Heavy},

and we set:
pCF(Low, Moderate) = 0.3, pCF(Low,High) =0.7, pCF(Moderate, High) = 0.4,

pCF(None, Light) = 0.2, pCF(None,Heavy) = 0.8, pCF(Light, Heavy) = 0.5,
pCF(Moderate, None) = 0.4, pCF(High, Heavy) = 0.3.
Again, pCF(a,a) = 0 for all a € Pv; U Pu,.
Thus, the HyperPlithogenic Set for these weather forecasts is:
HPS = ({xl, x4}, {Temperature, Precipitation}, { Pvy, Pvs }, {pglfl,pZif2},pCF) )
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4 | n-SuperHyperPlithogenic Set for Weather Prediction

In this section, we examine the n-SuperHyperPlithogenic Set for Weather Prediction. An n-SuperHyperPlithogenic
Set is an extension of the HyperPlithogenic Set, recursively incorporating multi-level membership structures and
contradictions across nested subsets [19, 18].

Definition 12 (n-SuperHyperPlithogenic Set). [19] Let X be a non-empty set, and let V' = {v;,v,,...,v,,} be a
set of attributes, each associated with a set of possible values P, . An n-SuperHyperPlithogenic Set (SHPS,) is
defined recursively as:

SHPS, = (P,.V,{P, Y1y, {pdf,” Y1y pCF )
where:
e P, C X, and for k > 2,

Pk = ‘IP<PI€71>7

represents the k-th nested family of non-empty subsets of P, .

For each attribute v; € V; P, is the set of possible values of the attribute v;.

For each k-th level subset Py, p&fim i P, x P, — P([0,1]%) is the Hyper Degree of Appurtenance
Function (HDAF), assigning to each element z € P, and attribute value a, € P, a subset of [0, 1]°.

e pCF™) - U?:l P, x U?:l P, —[0,1]" is the Degree of Contradiction Function (DCF), satisfying:
(1) Reflexivity: pCF™(a,a) =0 for all a € U:;l p,,

(2) Symmetry: pCF™ (a,b) = pCF™ (b,a) for all a,b € U™, P,

s and t are positive integers representing the dimensions of the membership degrees and contradiction
degrees, respectively.

Example 13 (2-SuperHyperPlithogenic Set for Weather Prediction). Let X = {D;, Dy} be the set of forecast
days, and define

Py =X ={D,,D,}.

Then, the second-level nested family is given by

~

P, = P<P1) - {{Dl}v {DQ}v {DuDz}}-

Consider two attributes:

v; = Temperature with P, = {Low, Moderate, High},
v, = Precipitation with P, = {None, Light, Heavy}.

Assume the membership degree space is one-dimensional, i.e., [0,1]!. The Hyper Degree of Appurtenance
Functions at the second level,
~ (2 ~
pif, Py x P, = P(0,1]),
are defined as follows.

For v; (Temperature):
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pglff ({D;}, Low) = {0.70}, pafiz)({Dl},Moderate) = {0.25},
pc:lf%;({D }, High) = {0.05}, .
pilf%m({Dz}aLOW) = {0.10}, pdf, ({Dy}, Moderate) = {0.60},
chlf%2 ({D,}, High) = {0.30}, W
pdf% ({Dy, Dy}, Low) = {0.40},  pdf, ({Dy, Dy}, Moderate) = {0.50},
paf, ({Dy, Dy}, High) = {0.10}.
For v, (Precipitation)
p‘:if; ({D1},None) = {0.85}, pafs ({D,}, Light) = {0.10},
pilf% ({Dl},Heavy) = {0.05}, ~<2>
Pdf% ({DQ},None) = {0.40}, pdf, ({D,},Light) = {0.50},
pdf% ({Dg},Heavy) = {0.10}, o
Py '(Dy.D;}. None) = {0.60},  pdf, ({Dy. Dy}, Light) = {0.30},
pdf, ({DUDQ},Heavy) = {0.10}.

The Degree of Contradiction Function at the second level,
pCF(Q) : (Pvl U P’UQ) X (P/Ul U PUQ) % [07 ]‘]7
is defined by specifying:

pCF? (Low, Moderate) = 0.30, pCF® (Low, High) = 0.70,
pCF 2 (Moderate, High) = 0.40,
pCF? (None, Light) = 0.20, pCF® (None, Heavy) = 0.90,
)
)
)

pCF<2 (Light, Heavy) = 0.50,
CF®(Low, None) = 0.10, pCF?) (Moderate, Light) = 0.20,
(

pCF? (High, Heavy) = 0.30.
Symmetry and reflexivity hold, i.e., pCF®(a,a) = 0 and pCF®? (a,b) = pCF? (b, a) for all a,b.
Thus, the 2-SuperHyperPlithogenic Set for weather prediction is given by:
~(2) o~ (2
SHPS, = (P27 {Temperature, Precipitation}, {P, , P, }, {pdf<1 ),pclf<2 )},pC’F(2>).

Example 14 (3-SuperHyperPlithogenic Set for Weather Prediction). Let X = {D;, D,, D5} be the set of
forecast days, and set
Py =X ={D,,D,, D;}.

The second-level nested family is

P2 = ?(Pl) = {{Dl}v{DZ}v{DS}a {DlvDZ}a {D17DS}a{D27D3}a{D17D2vD3}}'
The third-level nested family is then
P3 = ?(P2)7

and we consider a specific element
= {{D1}7{D17D2}a {D17D2>D3}} € P;.

Let the set of attributes be
V= {vlv V2, US}v
with
v; = Temperature and P, = {Low, Moderate, High},
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v, = Humidity and P, = {Dry, Normal, Wet },
vz = Precipitation and P, = {None, Light, Heavy}.

Assume [0, 1] as the membership degree space. The Hyper Degree of Appurtenance Functions at the third level,

~ A3)
pdf.

3

Py x P, — 53([0, 1),
are defined for the chosen X* as follows.
For v; (Temperature):
~ (3
piaf. (X*, Low) = {045},
~ (3
pdf<1 )(X*, Moderate) = {0.40},
~ (3
pif. (X, High) = {0.15}.
For v, (Humidity):
~ 3
pdf, (X*,Dry)={0.30},
~ (3
pdf. (X*, Normal) = {0.50},
~ (3
pdf. (X*, Wet) = {0.20}.
For v, (Precipitation):
~ (3
pdf; >(X*,None) = {0.70},
~ (3
pdf; >(X*,Light) = {0.25},
~ (3
pdf; )(X*, Heavy) = {0.05}.
The Degree of Contradiction Function at the third level,
pCF(g) : (Pvl U PUZ U P’US) X (PUI U PUQ U PU3) % [0’ 1]7

is defined by:

pC’F<3)(L0w, Moderate) = 0.25, pCF<3>(L0W7 High) = 0.65,
pCF®) (Moderate, High) = 0.35,

pCF®) (Dry, Normal) = 0.20, pCF®) (Dry, Wet) = 0.50,

pC F®) (Normal, Wet) = 0.30,

pCF®) (None, Light) = 0.15, pCF®) (None, Heavy) = 0.80,
pCF®) (Light, Heavy) = 0.45,

pCFES;G_:OW, Dry) = 0.10, pCF®)(Moderate, Light) = 0.20,

pC F®) (High, Heavy) = 0.30.
Again, symmetry and reflexivity hold:
pCF®(a,a) =0 and pCF®(a,b) =pCF®(b,a) VYa,b.
Thus, the 3-SuperHyperPlithogenic Set for weather prediction is expressed as:

~ (3 ~ (3 ~ (3
SHPS; = (P3, {Temperature, Humidity, Precipitation}, {PU1 Py PUS}, {pdf<1 >,palf<2 ),pdf; )},pC’F(?’)).



A Note on the Use of Plithogenic and Hyperplithogenic Sets for Weather Prediction 27

5| Conclusion and Future Work

This study has demonstrated that the three interconnected frameworks— Plithogenic Sets, HyperPlithogenic Sets,
and SuperHyperPlithogenic Sets—can all be applied effectively to weather forecasting.

As future directions, we intend to construct weather—prediction models formulated in the language of Graphs [20,
21], Hypergraphs [22, 23, 24, 25], and SuperHypergraphs [26, 27, 28, 29]. We also look forward to advances in
computational experiments and algorithm design for Plithogenic, HyperPlithogenic, and SuperHyperPlithogenic
Sets themselves.
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