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Abstract

Traditional graphs capture only pairwise relationships, whereas hypergraphs allow edges to connect arbi-
trary subsets of vertices, modeling higher-order interactions. Superhypergraphs extend this idea further
by iteratively applying the powerset operation to reveal nested, hierarchical connections. Concurrently,
fuzzy-logic theories—such as fuzzy sets and intuitionistic fuzzy sets—provide graded notions of member-
ship and uncertainty. Despite the individual success of these frameworks, the combination of hierarchical
superhypergraph structures with intuitionistic fuzziness has received little attention. In this paper, we
introduce the intuitionistic fuzzy superhypergraph, in which each supervertex and superedge carries both
membership and non-membership degrees subject to Atanassov’s constraint. We establish its formal
properties, present an efficient construction algorithm, and demonstrate how it can underpin a novel
decision-making procedure for complex, uncertain, multi-scale networks.

Keywords: Superhypergraph, Hypergraph, Fuzzy Graph, Intuitionistic Fuzzy Graph, Intuitionistic
Fuzzy HyperGraph, Intuitionistic Fuzzy SuperHyperGraph

1| Introduction

1.1 | From Graphs to Superhypergraphs

Traditional graphs encode binary relationships by treating entities as vertices and drawing edges between every
pair of connected vertices [1]. To model interactions involving more than two elements at once, hypergraphs
generalize this notion by permitting hyperedges to span any nonempty subset of the vertex set, thereby capturing
higher-order relationships [2, 3]. Pushing this idea further, a superhypergraph arises when one repeatedly
takes the powerset of the original vertex set. At each iteration, the “vertices” become the subsets formed
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in the previous step, producing a nested hierarchy of connections that reflects multi-scale structure in the
network [4, 5, 6, 7, 8].

Table 1 summarizes the key distinctions among graphs, hypergraphs, and superhypergraphs. Throughout this
paper we take n to be a positive integer unless stated otherwise.

TABLE 1. Comparison of Graphs, Hypergraphs, and Superhypergraphs

Concept Notation Edge Type Extension Strategy

Graph G=(V,E) E C {{u,v} | u,v eV, u+#v} Edgeslink exactly two vertices.

Hypergraph H=(V,E) ECP(V)\{0} Hyperedges may join any nonempty subset
of vertices.

Superhypergraph SupHyGW =V, V,E) V,ECZP"(V) Iterated powerset generates nested,

multi-level connectivity.

1.2 | Capturing Fuzzy Uncertainty in Networks

Real-world networks often involve incomplete, imprecise, or contradictory information. To model such uncer-
tainty, various “soft” set theories have been incorporated into graph-based frameworks. Fuzzy sets assign mem-
bership degrees in [0, 1] to elements [9], while intuitionistic fuzzy sets also include degrees of non-membership [10].
Hyperfuzzy sets introduce multi-dimensional membership structures [11], and neutrosophic sets add an inde-
terminacy component [12]. Plithogenic sets further generalize by handling contradiction degrees among at-
tributes [13, 14]. When adapted to network models, these theories give rise to fuzzy graphs [9], intuitionistic
fuzzy graphs [15], neutrosophic graphs [16], plithogenic graphs [14], and soft graphs [17], each integrating graded
or multi-valued relationships to reflect uncertainty more faithfully.

Table 2 provides an overview of fuzzy and intuitionistic fuzzy graph variants. As described below, this paper
examines intuitionistic fuzzy superhypergraphs.

TABLE 2. Overview of Fuzzy and Intuitionistic Fuzzy Graph Variants

Graph Type Membership / Functions Key Characteristics

Fuzzy Graph o:V—=1[0,1], p: VxV —][0,1] Single-valued edge grades, p(u,v) <
min{o(u),o(v)}.

Intuitionistic Fuzzy Graph 0,0V = [0,1], (u,v): V xV —[0,1]> Edges have membership p and
non-membership v, with p+v < 1.

Fuzzy HyperGraph o:V—=10,1], p: E—[0,1] Hyperedges connect any subset of
vertices, p(e) < min,., o(v).

Intuitionistic Fuzzy HyperGraph 0,0V —[0,1], (p,v): E—[0,1]2 Hyperedges with both membership p
and non-membership v, p+v < 1.

Fuzzy SuperHyperGraph o:V —=10,1], p: E—[0,1] n-layer nested hyperedges, graded
membership  with  appurtenance
across layers.

Intuitionistic Fuzzy SuperHyperGraph o,0¢: V — [0,1], (u,v): E — [0, 1] Hierarchical superedges with mem-
bership u, non-membership v,
Atanassov and appurtenance con-
straints.

1.3 | Motivation and Contributions of This Paper

Although uncertain graphs, hypergraphs, and superhypergraphs have been extensively studied for their ability
to model complex and imprecise relationships, research on intuitionistic fuzzy superhypergraphs remains scarce
and their mathematical properties are not yet well understood. Moreover, many real-world networks exhibit
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deeper hierarchical and multi-scale structures that standard hypergraphs cannot fully capture, underscoring the
importance of superhypergraph-based approaches.

In this paper, we introduce the concept of an intuitionistic fuzzy superhypergraph, which simultaneously in-
corporates hierarchical layering and intuitionistic fuzziness into a unified framework. We prove that this new
structure strictly generalizes both fuzzy superhypergraphs and intuitionistic fuzzy hypergraphs. By doing so,
we provide a mathematically rigorous yet intuitive model for representing complex, uncertain networks, and we
discuss potential applications in decision-making processes where hierarchical uncertainty plays a critical role.
A comparison with existing concepts is provided in Table 2.

Furthermore, we develop and analyze an algorithm for constructing intuitionistic fuzzy superhypergraphs, and
we propose a decision-making procedure based on this new model.

1.4 | Structure of this Paper

We organize the remainder of the paper as follows. In Section 2, we review the fundamental definitions of hyper-
graphs, superhypergraphs, fuzzy superhypergraphs, and intuitionistic fuzzy hypergraphs. Section 3 introduces
the formal definition of intuitionistic fuzzy superhypergraphs and illustrates the concept with detailed examples.
In Section 4, we present and analyze an algorithm for constructing intuitionistic fuzzy superhypergraphs. Sec-
tion 5 discusses a decision-making procedure based on intuitionistic fuzzy superhypergraphs. Section 6 offers a
concise comparison with existing models and reflects on their relative strengths. Finally, Section 7 concludes
the paper and outlines directions for future research.

2 | Preliminaries

This section collects the basic definitions and notation used throughout. Unless otherwise specified, all graphs
are assumed to be finite and simple.

2.1 | SuperHyperGraphs

A hypergraph extends the notion of a graph by allowing edges (called hyperedges) to join any nonempty subset
of vertices [18]. Building on this, a SuperHyperGraph is obtained by repeatedly applying the powerset operation
to the vertex set, producing multiple tiers of connectivity that reveal nested, hierarchical relationships [19, 6].

Definition 1 (Base Set). Let S be a nonempty set. We call S the base set from which all subsequent
constructions—such as powersets and hyperstructures—are derived.

S = {z | = belongs to the domain of interest}.

Definition 2 (Powerset). For any set S, its powerset POWS(SS) is the collection of all subsets of S:
POWS(S)={A|]ACS}.

Definition 3 (nth-Tterated Powerset). [20] Given a set H and an integer n > 1, define
POWS' (H) = POWS(H), POWS"™'(H)=POWS(POWS"(H)).

We sometimes write POWS,,(H) or omit the superscript when the context is clear.

Example 4 (Hierarchical Sensor Network). Consider a set of sensor nodes
H = {Slv SQa SS}

Then
POWSl(H) = {{S1,8,}, {S2,5;}, ... }

represents clusters of sensors within direct communication range, and
2
POWS™(H) = {{{81,82}7{32783}}, }

represents regions composed of these clusters. More generally, POWS"(H) models n-level groupings—ranging
from individual devices to nested clusters and regions—thus enabling multi-scale network analysis.
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Definition 5 (Hypergraph). [3] A hypergraph H = (V, E) consists of
e 4 finite vertex set V,

e a collection E C POWS(V) of nonempty subsets called hyperedges.

Example 6 (Market Basket Hypergraph). Consider an online retailer whose product catalog is
V = {Milk, Bread, Eggs, Butter, ... }.
Each customer purchase transaction corresponds to a hyperedge. For example,
E = {{Milk, Bread}, {Bread, Eggs, Butter}, ... }.

In this hypergraph, each hyperedge connects all products bought together in a single transaction, enabling
analysis of multi-item purchasing patterns and product affinities.

Definition 7 (SuperHyperGraph). [4] Let V,, be a nonempty finite set (the base set), and let n € N with n > 1.
Write POWSk(VO) for the k-fold iterated powerset of V|, defined by

POWS"(V,) :=V,,  POWS* (1) := POWS(POWS*(V,)) (k> 0).

An n-SuperHyperGraph on V, is a triple
SupHyG"™ = (V,, V, E)

consisting of

(a) a nonempty set of n-supervertices
V C POWS™(V,);

(b) a family of n-superhyperedges

E C POWS(V)\ {0},

i.e. each e € E is a nonempty subset of V.
The elements of V' are called n-supervertices, and the elements e € E are called n-superedges. Thus a Su-
perHyperGraph is a hypergraph whose vertex set itself consists of iterated-powerset elements of the base set
Vo.
Example 8 (A 3-SuperHyperGraph in collaboration). Let
Vo = {Ziro, Yuta, Ayano}
be the finite base set.
First, form some level-1 subsets (teams), which are elements of POWS' (V) = P(V}):
T, := {Ziro, Yuta}, T, := {Yuta, Ayano}.

Next, form level-2 subsets (projects) as subsets of {T},T,}, hence elements of POWS? (V) = T(POWSl(VO)):

Py = {1, 15}, Py = {T5}.
Now define level-3 subsets (collaboration portfolios) as subsets of {P;, P,}, so that they lie in

POWS®(V,) = P(POWS*(V;)).

For instance, set
Fy={P}, Fy = {Py, Py}
Then F,, F, € POWS® (V).
Define the 3-supervertex set
Vi={F.F} C POWS (1)),
and the nonempty 3-superedge
By ={F,F} CV, E:={E} C P(V)\{0}.
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By Definition 7, the triple
SupHyG® = (V,,V, E)
is a 3-SuperHyperGraph on the base set V|,. It models a three-layer collaboration structure: individual members

(level 0) form teams (level 1), teams form projects (level 2), and projects are grouped into collaboration portfolios
(level 3), which are linked by the superedge Fj.

A conceptual diagram of a 3-SuperHyperGraph in collaboration is presented in Figure 1.

By ={F, F,}

Symbol Meaning

Level 3

| {Ziro, Yuta, Ayano}

T, {Ziro, Yuta}

T, {Yuta, Ayano}
Level 2 P {le TQ}

P, (1)

P

A (P Py

4 {F\,F,} C POWS’(V})
Level 1

E, {F1, By}

E {1}

- @@

FIGURE 1. A 3-SuperHyperGraph in collaboration (Example 8).

2.2 | Fuzzy n-SuperHyperGraphs

A fuzzy set on a universe U is a function f: U — [0,1], where f(x) represents the degree to which = belongs
to the set [21]. Extending this idea, a fuzzy graph endows both vertices and edges with membership values [9],
and a fuzzy hypergraph further allows hyperedges to carry such grades [22]. We now adapt these notions to
n-SuperHyperGraphs.

Definition 9 (Fuzzy n-SuperHyperGraph). Let
SupHyG"™ = (V,, V., E)

be an n-SuperHyperGraph on the finite base set Vj in the sense of Definition 7 (so V. C POWS"(V;) and
E CP(V)\N{0}). A fuzzy n-SuperHyperGraph on SupHyG<n) is a structure

(Vo,V,E,0,p),
often denoted simply by (V, E, o, ;1) when the base set V; is understood, where
e 0: V — [0,1] assigns to each n-supervertex v € V a membership degree o(v);
e u: E — [0, 1] assigns to each n-superedge e € E a membership degree p(e).
These functions must satisfy the appurtenance condition
ule) < rgeiglo(v), VeecE,

i.e. the membership degree of each n-superedge cannot exceed the minimum membership degree of its incident
n-supervertices.
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Example 10 (Smart home as a fuzzy 2-SuperHyperGraph). Consider three devices
Vy = {Thermostat, LightSensor, SecurityCamera}.
First-level groupings (rooms) are subsets of V;, i.e. elements of POWSl(VO) =PV,):
R, = {Thermostat, LightSensor}, R, = {LightSensor, SecurityCamera}.
Second-level groupings (zones) are subsets of { Ry, Ry}, hence elements of the second iterated powerset
POWS®(V,) = P(POWS' (V;)).
For example, define
Zy ={Ry, Ry}, Zy ={Ry},
so that Z,,Z, € POWS2(VO).
Set the 2-supervertex set
V ={2,,2,} C POWS* (),
and define the single 2-superedge
By ={Z,,2,} CV, E={E} CP(V)\{0}.
Then
SupHyG? = (V;, V, E)
is a 2-SuperHyperGraph on Vj,.

Now assign fuzzy membership values to supervertices and the superedge:
o(Zy) =0.90, o(Zy) = 0.80, w(E;) =0.75.
We check the appurtenance condition:
0.75 = u(E;) < min{o(Z,),0(Z,)} = min{0.90,0.80} = 0.80.
Thus the inequality holds, and
Vo, V. E, o, )

is a valid fuzzy 2-SuperHyperGraph modeling hierarchical device reliability in the smart home.

2.3 | Intuitionistic Fuzzy Hypergraph

An intuitionistic fuzzy set assigns to each element both a membership degree and a nonmembership degree,
satisfying Atanassov’s constraint 0 < p(z) + v(z) < 1 [12]. An dntuitionistic fuzzy graph extends a classical
graph by assigning every vertex and every edge both membership and nonmembership values, also respecting
Atanassov’s sum constraint [23, 24]. An intuitionistic fuzzy hypergraph generalizes hypergraphs by equipping
each vertex and each hyperedge with membership and nonmembership degrees under the same Atanassov
framework [25].

Definition 11 (Intuitionistic Fuzzy Hypergraph). (cf. [25, 26]) Let V be a nonempty finite set of vertices. An
intuitionistic fuzzy hyperedge on V is an ordered pair

E=(pg,vg)

where
pgve: V —[0,1]
such that
0 < pglv)+vgw) <1, VeeV.
Its support is defined by
supp(E) = {veV | ug(v) > 0or vg(v) <1}

An intuitionistic fuzzy hypergraph is a pair

H=(V,&),
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where & = {F, ..., E,,} is a finite family of intuitionistic fuzzy hyperedges on V satisfying the covering condition
m
U supp(E;) = V.

The elements of V' are called vertices, and each E; € & is called an intuitionistic fuzzy hyperedge. The order of
H is |V, and the number of hyperedges is |£|.

Example 12 (Medical Diagnosis as an Intuitionistic Fuzzy Hypergraph). Let
V = {Fever, Cough, Fatigue, Headache}.

We model two diseases—“Flu” and “COVID19”—as intuitionistic fuzzy hyperedges FE; and FE, via functions
g, Vg, V — [0,1] defined by

tg, (Cough) = 0.85, Vg, (Cough = 0.05,
g, (Fatigue) = 0.70, v, (Fatigue) = 0.20,
tig, (Headache) = 0.80, vp, (Headache) = 0.10.

pg, (Fever) = 0.90, g, (Fever) = 0.05,
tg, (Cough) = 0.80, vg, (Cough) = 0.10,
g, (Fatigue) = 0.75,  vp (Fatigue) = 0.15,
g, (Headache) = g, (Headache) = 1.00;
g, (Fever) = g, (Fever) = 1.00,

) = )=

) = )=

) = )=

For each ¢ = 1,2 and v € V we have

0 < pug,(v) + g, (v) < 1,
so both F; and E, are intuitionistic fuzzy hyperedges on V. Their supports are

supp(F;) = {Fever, Cough, Fatigue}, supp(FE,) = {Cough, Fatigue, Headache},

and thus

supp(E,; ) Usupp(E,) = V.
Therefore

H = (V,{E,, E,})

is an intuitionistic fuzzy hypergraph that captures both diagnostic confidence (membership) and hesitation
(nonmembership) for each symptom under the two diseases.

3 | Main Results: Intuitionistic Superhypergraphs

An intuitionistic superhypergraph is a hierarchical hypergraph in which every n-supervertex and superedge is
equipped with both membership and non-membership degrees that satisfy Atanassov’s sum and appurtenance
constraints. We now give the formal definition of this structure.

Definition 13 (Intuitionistic fuzzy n-SuperHyperGraph). Let
SupHyG(n) =(V,,V,E)
be an n-SuperHyperGraph on the finite base set V;, in the sense of Definition 7, so that V' C POWS"(V;) and
E CP(V)\N{0}. An intuitionistic fuzzy n-SuperHyperGraph on SupHyG(n) is a sextuple
H=(V, E, o, 0% p, v),

where the functions
o:V —[0,1], o¢:V —[0,1],

,LLIE*)[O,H, V:EH[Oal]v
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satisfy, for allv € V and e € F,

0 <ow+o(v) <1, 0< ple)+vie) <1, (1)
ple) < mino(v), v(e) < mino®(v). (2)

Here o(v) and 0¢(v) are the membership and non-membership degrees of the n-supervertex v, while u(e) and
v(e) are the membership and non-membership degrees of the n-superedge e. Equation (1) is the Atanassov
constraint, and (2) enforces consistency of edge-values with those of their incident supervertices.

Example 14 (Multi-level team—department collaboration). Consider a company with three employees
Vy = {Ziro, Yuta, Ayano}.
First-level teams are subsets of Vj,, i.e. elements of POWSl(VO) = P(V,). For instance, let
R, = {Ziro, Yuta}, R, = {Yuta, Ayano}.
Second-level departments are subsets of { Ry, Ry}, hence elements of the second iterated powerset
POWS?(V,) = P(POWS' (V;)).
Define
Dy ={R,, R,}, D, ={Ry},
so D, D, € POWS?(V,), and set the 2-supervertex set
V = {Dy,D,} C POWS*(V}).
Introduce a single 2-superedge
Ey={D,D,} CV, E={E}CPV)\{0},
so that
SupHyGr(2> =(V,,V,E)
is a 2-SuperHyperGraph.
We now endow it with intuitionistic fuzzy values:
e Membership and non-membership of departments (2—supervertices):
o(Dy) =0.90, o°(D;) = 0.05; o(Dy) =0.85, 0¢°(Dy) = 0.10.
Then
0<o(D;)+0°D;) <1 fori=1,2,
since 0.90 4+ 0.05 = 0.95 and 0.85 + 0.10 = 0.95.
e Membership and non-membership of the cross—department project (2-superedge):
w(Ey) =0.80, v(E;)=0.05,

S0
0<u(E))+v(E,)=085<1.

We now check the appurtenance constraints (2):
w(E;) =0.80 < min{o(D,),o(D,)} =min{0.90,0.85} = 0.85,
v(E;) =0.05 < min{o°(D,),c%(D,)} = min{0.05,0.10} = 0.05.
Thus
H = (Vv {El}a 0,0% H, V)

is a valid intuitionistic fuzzy 2—SuperHyperGraph modeling the degrees of participation and hesitation of each
department in the joint project.
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Example 15 (University curriculum as an intuitionistic fuzzy 2-SuperHyperGraph). Consider a small univer-
sity department offering three base courses

V, = {Calculus, DataStruct, Algorithms}.
First-level modules are subsets of V};, i.e. elements of POWSl(VO) = P(V,). For instance, define
M, = {Calculus, DataStruct}, M, = {DataStruct, Algorithms}.

Second-level degree programs are subsets of {M;, M,}, hence elements of the second iterated powerset
POWS*(V,). Let
PA:{M15M2}7 PB:{MQ}a
and set the 2—supervertex set
V = {P,, Pz} C POWS* ().
Assume an accreditation review committee evaluates both programs simultaneously; we represent this by the
single 2—superedge
Ey={Py,Pg}CV,  E={E}CPV)\{0},
so that
SupHyG(2> =(V,,V,E)
is a 2-SuperHyperGraph.

We now assign intuitionistic fuzzy values reflecting program quality (o, 1) and review uncertainty (o€, v) at the
program (2-supervertex) level:

e For degree programs (2-supervertices):
o(P,) =085, 0°(Py) =005  o(Pg) =080, o°(Pg)=0.10.
Hence
0<o(P,)+0°(Py) =090 <1, 0 <o(Pg)+o0°(Pg) =090 < 1.
e For the joint accreditation review (2—superedge):
w(Ey) =0.75, v(E;) = 0.05,
S0
0<u(E))+v(F,)=0.80<1.
We verify the appurtenance constraints:
W(E,) =0.75 < min{o(P,),o(Py)} = min{0.85,0.80} = 0.80,
v(E;) =0.05 < min{o°(P,),c°(Pg)} = min{0.05,0.10} = 0.05.
Thus
H = (V. {E} 0,0% 1,v)

is a valid intuitionistic fuzzy 2-SuperHyperGraph modeling the curriculum structure and its accreditation
uncertainty at the program level.

Example 16 (Multi-level corporate structure as an intuitionistic fuzzy 3—SuperHyperGraph). Consider a com-
pany with four employees

V, = {Hayato, Ayana, Yuya, Dave}.
We form three hierarchical grouping levels:

e Teams (level 1) are subsets of Vj, i.e. elements of POWS' (V;):
T, = {Hayato, Ayana}, T, = {Yuya, Dave}.

e Departments (level 2) are subsets of {T},T,}, hence elements of POWS?(V,):
D, ={T }, D, = {1}, Dy ={T},T,}.
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e Divisions (level 3) are subsets of {D;, Dy, Dy}, hence elements of POWS®(V;). Define
Div; = {Dy, Ds}, Divy = {D,, Ds},
and set
V = {Div,, Div,} C POWS*(V}).
Suppose there is a company-wide initiative spanning both divisions, represented by the single 3—superedge
E, = {Divy,Divy} C V, E={E} CP(V)\{0}.

Then
SupHyG(3> =(V,,V,E)
is a 3-SuperHyperGraph on V.

We assign intuitionistic fuzzy values indicating each division’s engagement (o, c¢) and the initiative’s overall
coherence (p, v):

e Divisional membership/non-membership (3—supervertices):
o(Divy) =0.95, o¢¢(Divy) = 0.02; o(Divy) =0.90, o¢(Div,) = 0.05.
Hence

0 < o(Div,) 4+ 0¢(Div,) = 0.97 < 1, 0 < 0(Divy) 4+ 0¢(Divy) = 0.95 < 1.

e Initiative membership/non-membership (3—superedge):
W(Ey) =085, v(Ey) = 0.02,
SO
0<u(E))+v(E;)=087<1.
Finally, we verify the appurtenance constraints (2):
w(Ey) =0.85 < min{o(Divy),0(Divy)} = min{0.95,0.90} = 0.90,
v(E;) =0.02 < min{c°(Div,),o°(Div,)} = min{0.02,0.05} = 0.02.
Therefore
}[ = <V7 {E1}7 g, 0.(17 M, V)
is a valid intuitionistic fuzzy 3—SuperHyperGraph modeling the degrees of engagement and hesitation of each
division in the cross—division initiative.

Theorem 17. The class of intuitionistic fuzzy n-superhypergraphs strictly generalizes both
(1) the class of fuzzy n-superhypergraphs (by “switching off” non-membership), and

(2) the class of intuitionistic fuzzy hypergraphs (by choosing n = 1 and restricting to singleton supervertices).

Proof: (1) Recovering fuzzy n-superhypergraphs. Let (V, E, o, u) be a fuzzy nsuperhypergraph, so that
U:VH[Ovl]a N’:EH[O,]-],

and for all e € F,
pu(e) < mino(v).

vee

Define
ocf(v):=0 (vev), vie):=0 (e€E).
Then for every v € V and e € E,
0<o(v)+0%(v)=0o(v) <1, 0<ple)+vie) =nple) <1,
and the appurtenance constraints become

ule) < mein o(v), v(e) =0 < mino®(v) =0.

vee
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Hence H = (V,E, 0,0 p,v) is an intuitionistic fuzzy n-superhypergraph whose underlying fuzzy structure is
exactly (V, E, o, ).

Conversely, if H = (V,E,0,0° u,v) is an intuitionistic fuzzy msuperhypergraph with ¢¢ = 0 and v = 0,
then the Atanassov constraint (1) reduces to 0 < o(v) < 1 and 0 < p(e) < 1, and (2) reduces to p(e) <

min, ., o(v), which is precisely the appurtenance condition of a fuzzy nsuperhypergraph (V, E, o, p). Thus

fuzzy n-superhypergraphs form a proper subclass of intuitionistic fuzzy nsuperhypergraphs.

(2) Recovering intuitionistic fuzzy hypergraphs. Let

UéagaﬂHWVHﬁﬂE7VE>
be an intuitionistic fuzzy hypergraph as in Definition 11, so & C P(V), and for all v € Vj, e € &,

0<pp()+vg(v) <1, 0<pgle)+vgle) <1,
with appurtenance constraints

pple) < minjuy(v), vp(e) < minvy(v).
vee vee

Set n = 1. Define the level-1 supervertex set
V= {{v} |ve V,} € POWS!(V,),
and for each hyperedge e € £ define the corresponding l-superedge
e:={{v}|vee} C V.
Let
E:={e|ec&}.
Then (V, E) is a ksuperhypergraph on the base set V.

Define functions on V and E by
o({v}) == py(v), o°({v}) :=vylv) (veV),

w(e) = pple), v(e)=vgle) (e€l).
For any v € Vj,,
0<o({v}) +o0°({v}) = pp(v) +vy(v) <1,
and for any e € &,
0 < p(e)+v(e) =pple) +vgle) <1

For appurtenance, if € € F, then

(&) = pple) < minpy(v) = mino(u),

vee uece
v(e) = vg(e) < minvy(v) = mino®(u),
veEe uee

so (V,E,o0,0¢ u,v) is an intuitionistic fuzzy lsuperhypergraph whose vertices are exactly the singleton super-
vertices {v} with v € V.

Conversely, any intuitionistic fuzzy I-superhypergraph whose supervertex set consists only of singletons of V;, and
whose superedges are collections of these singletons corresponds uniquely to an intuitionistic fuzzy hypergraph
on V,, by the inverse construction

e:={veV,|{v} €é} foreacheéecE.

Finally, intuitionistic fuzzy n-superhypergraphs with nontrivial non-membership functions (that is, some o€ % 0
or v # 0) or with n > 1 and genuinely higher-level supervertices (such as those in Examples 14 and 16) are not
fuzzy rrsuperhypergraphs and are not intuitionistic fuzzy hypergraphs. Hence the inclusions in (1) and (2) are
proper, so the generalization is strict.
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Theorem 18 (Level-Cut n-Superhypergraph). Let H = (V,E,o0,0%pu,v) be an intuitionistic fuzzy
n-superhypergraph. For any « € [0,1], define the a-cut of H as the crisp pair

Vy={veV]olw) >a}, E,:={ecE]|ule)>al
Then (V,,, E,) is an n-superhypergraph (with the same underlying base set as H ).

Proof: Because (V, E) is an n-superhypergraph, every v € V lies in POWS"(V;)) and every e € F is a nonempty
subset of V. Hence V,, CV C POWS"(V,) and E, C F, so all elements of E,_ are nonempty subsets of V.
Let e € E,. Then p(e) > a. From the appurtenance constraint (2) we have
w(e) < mino(v).
vee

Thus
mino(v) > ple) > a,

veEe -
which implies o(v) > « for every v € e. Therefore e C V,, and hence E, C P(V,) \ {0}. All structural require-
ments of the underlying crisp rn-superhypergraph are therefore inherited, so (V,,, E,) is an n-superhypergraph
on the restricted vertex set V. g

Theorem 19 (Closure under Intersection). Let K, = (V,E,0;,0%, u;,v;) fori = 1,2 be two intuitionistic fuzzy
n-superhypergraphs on the same underlying n-superhypergraph (V, E). Define

o(v) :=min{o}(v), 05(v)}, 0%(v) := max{of(v),05(v)},

p(e) = min{y, (e), pyle)},  v(e) := max{v;(e), vy(e)}.
Then H = (V,E,0,0° u,v) is also an intuitionistic fuzzy n-superhypergraph.

Proof: Fix ve V. Set
ay =01(v), ay = 0y(v), by :=01(v), by :=05(v).
Then
J(U) = min(a’la 0,2), Uc(v) = max(blv b2)
By the Atanassov constraint for 7(; and J(,,
0<a;+b;<1 (i=12).
For any real numbers z, x5, ¥, Yo,
min(zy, ;) + max(yy;, yp) < max(z; +yy, 25 + 4a),

because if z; < x5 and y; > yo, the left side equals x; + vy, and if z; < 5 and y, > y;, then min(zq, z,) +
max(y;,Ys) = 1 + Yy < Ty + yo. Applying this with x;, = a;, y, = b, gives

o(v) + o°(v) = min(a,, as) + max(by, by) < max(a; + by, aq + by) < 1.
Thus 0 < o(v) + 0%(v) <1lforallve V.

An identical argument with p,;(e) and v;(e) in place of o;(v) and of(v) shows that 0 < u(e) + v(e) < 1 for all
ec k.

Now fix e € E. From the appurtenance constraints in J; and J(5,
ple) < mino,(v) (i=1,2).
vee
Hence
p(e) = min(pq (€), uy(e)) < min(mein oq(v), mein 02(1))).
For any functions f, g on a finite set,
min(min f(z), min g(z)) = minmin(f(x), g(z)).
Applying this with f(v) = 0;(v), g(v) = 04(v), we obtain

o
ule) < minmin(oy (1), 0, (v)) = mino(v).
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Similarly, from v;(e) < min, ., o (v) we get

v(e) = max(v,(e),vy(e)) < max(lir)leigl af(v),rlrlleig ag(v)).

For any nonnegative functions f, g,
max(min f(z), min g(z)) < minmax(f(z), g(x)),
xT xT xT
because max(f(z), g(z)) > f(z) and > g(z) pointwise, so its minimum is at least both min, f(z) and min, g(x).
Taking f(v) = 0% (0), g(v) = o5(v) gives

v(e) < minmax(o§(v),05(v)) = mino“(v).
vee vee

Thus both appurtenance inequalities in (2) hold for ', so # is an intuitionistic fuzzy rnsuperhypergraph. O

Theorem 20 (Complementarity). Let H = (V,E,0,0%u,v) be an intuitionistic fuzzy n-superhypergraph.
Define its complement by

o'(v) == 0%(v), 0"(v) :=o(v), p(e):=wle), V()= ple)

Then H' = (V,E,0’,0'¢, 1/, V") is also an intuitionistic fuzzy n-superhypergraph.

Proof: For all v e V,
0<o(w)+oc°(v) <1 = 0<0d'(v)+0°v)=0%)+o0o(v) <1,
so the Atanassov constraint (1) holds for vertices of &’. Similarly, for all e € E,
0<pu(e)+rve)<l = 0<p'(e)+v'(e)=v(e)+pule) <L
For appurtenance, if e € F,
w'(e) = v(e) <mino®(v) = mino’(v),
v'(e) = p(e) < mino(v) = mino’(v),

again by (2). Hence A’ satisfies all axioms of an intuitionistic fuzzy nsuperhypergraph. O

Theorem 21 (Closure under Union). Let K, = (V,E,0;,05, p;,v;) for i = 1,2 be two intuitionistic fuzzy

K2

n-superhypergraphs on the same underlying n-superhypergraph (V, E). Define their union by
o(v) := max{o, (v),05(v)}, 0°(v) := min{of(v), 03(v)},

pe) :=max{p, (€), uy(e)},  v(e) :=min{v;(e), vy(e)}-
Then H = (V,E,0,0¢ u,v) is an intuitionistic fuzzy n-superhypergraph.

Proof: Fix v € V and set
ay = 01(v), ay:=0y(v), by :=0§(v), by = 05(v).
Then
o(v) = max(a;,asy), o°(v) = min(by, by).
By the Atanassov constraint for ', and J,,
0<a;,+b <1 (i=1,2).
For any real numbers z, 5, Y1, Ya,
max(zy, Ty) + min(yy, y,) < max(zy +y1, ¥ + Ya),

since if x; > x4 and y; < yo, the left side equals x; + y;, and if z; > z, and y, < y;, then max(zq,x4) +
min(yy,ys) = 21 + Y5 < 1 + y;. Applying this with z; = a;, y;, = b, yields

o(v) + 0¢(v) = max(ay, ay) + min(by, by) < max(ay + by, as + by) < 1.
Thus 0 < o(v) + 0¢(v) <1 forallve V.

For edges, the same inequality with p,(e) and v;(e) in place of o;(v) and of(v) shows that 0 < p(e) +v(e) <1
foralle € E.
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Now fix e € E. From p,(e) < min,, 0;(v) we obtain

p(e) = max(yiy(€), y(€)) < max(min o (v), min oy (v) ).

vee vee

For any functions f, g on a finite set,

max(min f(z), min g(z)) < min max(f(z), g(z)),
because max(f(z), g(z)) > f(z) and > g(z) pointwise, so its minimum is at least both min, f(z) and min, g(x).
Taking f(v) = 0,(v), g(v) = 0(v), we get

p(e) < minmax(o, (v),05(v)) = mino(v).

For v, from v;(e) < min ., of(v) we deduce

v(e) = min(v (e),v5(e)) < min (Iqr)lelil OT(U)’EIEE Ug(v)).

For any functions f, g,
min(min f(z), min g(z)) = min min(f(x), g(z)),
so with f(v) = o§(v), g(v) = o5(v) we have

< minmin(o® ¢(o)) = min o®(v).
vie) < rvné?mln(al(v),@(v)) min o (v)

Thus both appurtenance inequalities (2) hold for ', so K is an intuitionistic fuzzy nsuperhypergraph. (I

Theorem 22 (Complement Involution). For any intuitionistic fuzzy n-superhypergraph H = (V, E, 0,0 u,v),
let H' = (V,E, o', 0’1" ,v") be its complement as in Theorem 20. Then the complement of H' is H itself.

Proof: By Definition 20 of the complement,
o'(v) =0v), o) =0ov), ple)=vle),  V(e)=pule)
Applying the same construction once more gives

o’ (v) = o’¢(v) = o(v), o”¢(v) = o’ (v) = o°(v),

p'(e)=v'(e)=nle), v'(e)=u'(e)=vle),
for all v € V, e € E. Hence the double complement H” coincides with #, proving the involution property. [

Theorem 23 (Monotonicity of a-Cuts). Let H = (V,E, 0,0 u,v) be an intuitionistic fuzzy n-superhypergraph,
and for a € [0, 1] define the a-cut (V,,, E,) as in Theorem 18. Then for any 0 < a < <1,
Vs CV,, Ez CE,.

Proof: If v € Vg, then by definition o(v) > 3. Since 8 > «, we have o(v) > a, so v € V,,. Hence V; C V.

Similarly, if e € Eg, then u(e) > 8 > a, so e € E,,. Therefore E5 C E,,. O

4| A Simple Graph Algorithm for Constructing Intuitionistic Fuzzy n-
Superhypergraphs

We now present a procedure whose running time is linear in the size of the incidence representation of a crisp

n-superhypergraph StuG<n) = (V,E). Starting from arbitrary intuitionistic-fuzzy data o",0™¢ : V — [0, 1]

and p",v" : B — [0,1], it constructs a valid intuitionistic fuzzy n-superhypergraph * = (V, E,0,0¢, u,v) by

enforcing:

(1) Atanassov’s sum constraints:

0 <ow+o(v) <1, 0< ple)+vie) <1, YveV,eekFE.
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(2) Appurtenance constraints:

ule) < meina(v)7 v(e) < mino¢(v), Ve€ E.

T wvee

Algorithm 1: Construct Intuitionistic Fuzzy n-Superhypergraph

Input: crisp n-superhypergraph StuG(n> =(V,E),
raw vertex values ¢”,0™¢: V — [0, 1],
raw edge values u",v" : E — [0, 1].
Output: intuitionistic fuzzy n-superhypergraph H = (V, E, 0,0 pu,v).
1 0+ 0", 0% "¢
2 p—p, v
3 foreach v € V do
a s+ o(v) + o°(v);
5 if s > 1 then
6 o(v) «+ o(v)/s;
7 L o¢(v) « o¢(v)/s;

foreach e € £/ do

p(e) < min{p(e), min,., o(v)};
10 | v(e) « min{r(e), min,, oc°(v)
11 t < p(e) +v(e);
12 if t > 1 then
s L ale) e ple)t
14 vie) «+ v(e)/t;

15 return (V, E,0,0° u,v);

©

)

Example 24 (Application to a 2-Superhypergraph). Let V, = {a,b}. The second iterated powerset P2(V,) =

P(P(Vy)) contains, among many other elements, the sets {a}, {b}, and {a,b}. For this example we choose the
subset

V= {vy = {a}, v = {b}, v3 = {a,b}} CP*(Vy), E={e;={v,05}}.
Suppose the raw data are

o"(vy) = 0.80, 0™¢(vy) =0.30; 0" (vy) =0.60, 0™°(vy) =0.20; 0" (vg) =0.90, c"(vg) = 0.40;
u(e;) =0.70, v"(eq) = 0.50.

Step 1 (vertex normalization). For each v;, compute s; = 0" (v;) + 0"¢(v;). If s; > 1, set o(v;) = " (v;)/s;
and 0°(v;) = 0™°(v;)/s;; otherwise keep the raw values. Explicitly:

0.80 8 030 3

s; =0.8040.30 =1.10, o(vy) = T0=-11%~ 0.727, o°vy) = o=~ 0.273;
S5 =0.604+0.20=0.80 <1, o(vy) =0.60, oc°(vy) = 0.20;
0.90 9 0.40 4
S3 = 0.90 +0.40 = 130, 0'(’1]3) = @ = T3 ~ 0692, O'C(’U?)) = ﬁ = B ~ 0.308.

Step 2 (edge adjustment). First compute the vertex—based minima:

min o (v) = min(%, 0.60) =0.60, mino®(v) = min( 3 0.20) — 0.20.

vEe, vEe, 11
Then
p(e;) = min{0.70, 0.60 } = 0.60, wv(e;) = min{0.50, 0.20 } = 0.20.
Since p(eq) + v(e;) = 0.60 + 0.20 = 0.80 < 1, the final rescaling step is not triggered.



16 T.Fujita et al. | Multicriteria. Algo. Appl. 10 (2026) 1-22.

Result. The output H = (V, E,0,0°, u,v) satisfies 0 < o(v;),0¢(v;) <1 with o(v;) + 0%(v;) < 1fori=1,2,3;
moreover fi(e;) < min,e, o(v), v(e;) <miny, 0°(v), and 0 < p(ey) +v(e;) < 1. Hence H is an intuitionistic
fuzzy 2-superhypergraph.

Theorem 25 (Correctness of Algorithm 1). Let StuGW = (V, E) be any finite crisp n-superhypergraph and
leto”, 0™V —[0,1], u",v": E — [0, 1] be arbitrary raw functions. Algorithm 1 outputs H = (V,E, 0,0, p,v)
satisfying, for everyv eV ande € E,

0<o) +o(v) <1, 0<ule)+vie)<l, ple)<mino(v), v(e)<minoc®(v).

vee vee

In particular, J is an intuitionistic fuzzy n-superhypergraph in the sense of Definition 183.

Proof: First consider a vertex v € V. If s := ¢"(v) + 0™¢(v) < 1, the algorithm leaves o(v) = 0" (v), 0¢(v) =
o™¢(v), so

0<ow),o%v) <1, o(v)+0o¢(v) =s<1.
If s > 1, then the algorithm sets o(v) = ¢"(v)/s and o¢(v) = c™¢(v)/s, so
1 r r,c
o). 0W) 2 0, ov).0°w) < L <1 o) o) = TOTT _y

Thus in all cases 0 < o(v) + 0°(v) < 1.
Now fix an edge e € E. After the two min—steps we have

ple) <p"(e) <1, ple) < mino(v),

vee
vie) <v'(e) <1, v(e) < mein o¢(v),
vee
so both appurtenance inequalities hold and 0 < pu(e),v(e) < 1. If ¢t := p(e) + v(e) < 1, nothing further is done
and the sum constraint holds. If ¢ > 1, the algorithm replaces p(e),v(e) by u(e)/t,v(e)/t, so

1
ule) +v(e) = M =1, 0<u(e),vie) < 7 <1.
Moreover, since t > 1,
@ < ple) < mino(v), VT@ < v(e) <mino®(v),

so appurtenance is preserved by the rescaling. Hence all four constraints in Definition 13 hold for every e € E,
and the output is an intuitionistic fuzzy n-superhypergraph. O

Theorem 26 (Time and Space Complexity). Assume the n-superhypergraph StuG(n) = (V, E) is represented
by an incidence structure listing, for each edge e € E, the vertices in e. Let

T YK
ecl
be the total number of vertez—edge incidences, and let d = max..gle| be the mazimum edge size. Then
Algorithm 1 runs in time
O(|V|) (vertex normalization) + O(I) (edge adjustment) = O(|V|+1I) = O(|V|+ |E|-d).

It uses O(|V|) space for 0,0 and O(|E|) for u,v, i.e. O(|V|+ |E|) additional space beyond the input incidence
structure.

Proof: The vertex loop visits each v € V once, performing a constant amount of work, so it costs O(|V|). The
edge loop visits each e € E once and computes min,., o(v) and min,., c°(v) by scanning the vertices of e,
requiring O(|e|) time per edge. Hence the total cost of the edge loop is > . O(le|]) = O(I) = O(|E|d). The
rescaling step per edge is O(1).

ecE

The algorithm overwrites the given arrays o,0¢, u, v in place and does not allocate any asymptotically larger
data structure, so the extra memory required is O(|V| + |E|). O
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5| Decision-Making via Intuitionistic Fuzzy Superhypergraphs
We now describe a structured procedure for multi-criteria decision-making based on an intuitionistic fuzzy
n-superhypergraph. We use a multi-level representation
H=WVy,...,V,, Ey,...,.E,, 0,0°% p,v),
where:
o 1}, is the set of base alternatives.

e For each k = 1,...,n, the level-k superhyperedges E; C P(V,_,) are nonempty subsets of V,,_; (hyper-
edges on level k — 1 vertices).

e 0,0°: V = [0,1] are intuitionistic fuzzy membership and non-membership degrees assigned to base
alternatives.

e For each k = 1,...,n, the functions p, v : E;, — [0, 1] give baseline intuitionistic fuzzy degrees for level-k
superhyperedges. (For clarity, p,, v, below denote propagated degrees, while p, v are the fixed input
functions.)

e For each k = 1,...,n, a weight distribution wy, : E, — [0, 1] is given such that

Z wi(e) =1 forevery veV,_q,
eckE),
vee

i.e. for each vertex v at level k — 1, the weights of all incident level-k superhyperedges form a convex
combination.

Remark 27 (Outline of Key Steps). (1) Initialization sets each base alternative’s membership and non-
membership to (M,(v), Ny(v)) = (o(v),0¢(v)).

(2) At level k, each superhyperedge e € E, receives propagated degrees
ti(e) = p(e) min My (v), vi(e) = v(e) min Ny_4 (v),
vee vee
followed, if necessary, by a normalization step ensuring pu,(e) + v,(e) < 1.

(3) The degrees py,, v, are then fused back into each v € Vi_, using the convexr combination determined by
the weights wy,(e) for all incident edges e 3 v.

(4) After n levels, each alternative a € A C Vy has a final pair (M, (a),N,(a)). The score S(a) =

M, (a)— N, (a) € [-1,1] balances membership and non-membership and is used to rank the alternatives.

Example 28 (Supplier Selection). Consider a one-level intuitionistic fuzzy superhypergraph (n = 1) for select-
ing among three suppliers A, B, C. The base alternatives are
Vo ={4,B,C},
and the level-1 superhyperedges represent two geographic clusters:
Ey ={eqom = {A, B}, e = {C}}.
Vertex degrees are
o(A) =0.80, 0°(A) =0.10; o(B)=0.60, 0¢(B) =0.20; o(C)=0.70, ¢°(C) = 0.15,
and baseline edge degrees are
egom) = 0.90, viegom) = 0.05;  pley) = 0.70, v(e;,) = 0.10.
Fach supplier belongs to exactly one cluster, so we set

wq(eqom) = 1 for v € {A, B}, wy(egn) =1 for v="C.

int

We take A = {4, B,C}.
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Algorithm 2: Decision-Making with an Intuitionistic Fuzzy n-Superhypergraph

InPUt: H = (‘/07 "'7‘/'IL7 E17 "'7E'IL7 O” 0.67 ILL7 V)7
set of alternatives A C V),
weights wy, : By, — [0,1] with 3° _ wy(e) =1foreveryv e Vy_;, k=1,..,n

Output: Ranking of A by intuitionistic fuzzy score

1 Step 0: Initialization.
2 foreach v € V;; do

3 My(v) = a(v);

4 No(v) < o°(v);

5 for k< 1 ton do

6 (1) Propagate to level-k superhyperedges.

7 foreach e € E; do

8 py(e) = p(e) min,e, My, (v);

9 vi(e)  v(e) min,, Ny ;(v);

10 if u,(e) +vi(e) > 1 then

11 t<—uk()+vk()

12 py.(e) M/c e)/t;

13 vi(e) «+ v(e)/t;
14 (2) Aggregate back to level-k — 1 vertices.
15 foreachv cV,_, do

16

My (v) « Z wy(€) px(e), Ni(v) Z wy(€) vi(e).
s s

17 Step n + 1: Scoring and ranking.
18 foreach a € A do
19 L S(a) + M, (a) — N, (a);

20 return A sorted in descending order of S(a);

Step O (initialization). For each X € {A, B,C},
My(X) =o(X),  No(X) =o0%(X),
so explicitly:
My(A) = 0.80, Ny(A) = 0.10; M,(B) = 0.60, Ny(B) =0.20; M,(C) = 0.70, Ny(C) = 0.15.

Step 1 (propagate to clusters). For the domestic cluster ey, ,,, = {4, B},
min M;(v) = min{0.80,0.60} = 0.60, min N,(v) = min{0.10,0.20} = 0.10.

V€€Jom VE€€CHom
Hence
1 (Egom) = 0.90 x 0.60 = 0.54, v;(€4om) = 0.05 x 0.10 = 0.005,

and 11 (€gom) + V1 (€4om) = 0.545 < 1, so no rescaling is needed.

For the international cluster e, = {C'},

min My(v) = My(C) =0.70, min Ny(v) = Ny(C) = 0.15,

vEe; ¢ VEEC;ny
SO
fy(eny) = 0.70 x 0.70 = 0.49, 14 (ey,) = 0.10 x 0.15 = 0.015,

with 1 (ejn) + v (€5,¢) = 0.505 < 1.
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Step 2 (aggregate back to suppliers). Using the weights and the fact that each supplier lies in exactly one
cluster, we obtain

) = lu’l(edom) = 0547 Nl (A) = (edom> = 00055
) = Ml(edom) = 0547 NI(B) = V1(6d0m> = 00057
M, (C) = py(€) = 049, Ny (C) = vy (€5,) = 0.015.

Step 3 (scoring and ranking). For each supplier X € {4, B,C},
S(X) = My(X) — Ny (X),
SO
S(A) = 0.54 — 0.005 = 0.535, S(B) = 0.54 — 0.005 = 0.535, S(C) = 0.49 — 0.015 = 0.475.
Thus the final ranking is
A =B > C.

Theorem 29 (Correctness). Under the above assumptions, for each level k = 0,1, ..., n and each vertexv € V,_,,
0 < M(v), Ni(v) < 1, My (v) + Ny(v) < 1,
and for each k=1,...,n and each edge e € E,
0 < pyle), v(e)
Consequently, for every alternative a € A,

—1 < S(a) =M, (a) — N,(a) < 1.

IA
—_

; pi(e) +v(e) < 1.

Proof: We proceed by induction on the level k.

Base case (k = 0). By definition, M,(v) = o(v) € [0,1] and Ny(v) = o°(v) € [0,1] for all v € V},, and the
Atanassov constraint on (o, 0¢) implies M, (v) + Ny(v) < 1.

Induction step. Assume the statements hold at level &k — 1, i.e. for all v € V;_4,

0< My 1 (v), Ny (v) <1, My (v) + Ny (v) < 1.

First consider an edge e € E,. By construction,
py,(€) = ple)min My (v),  vi(e) = v(e)min Ny, (v).
vee vee
We have p(e),v(e) € [0, 1] by assumption and 0 < M, _;(v), N;,_; (v) <1 by the induction hypothesis, so
0<minM; ;(v)<1l, 0<minN, ;(v) <1,
vEe veEe
and hence
0 < pyle),vp(e) < 1.

If py(e)+vy(e) < 1, the algorithm leaves them unchanged, so the sum constraint already holds. If u(e)+v(e) >
1, the algorithm replaces them by

o) = D e Do) e > 1,
which yields
/Lk(6> + Vk(e) = M =1, 0< ’Ukt(e>7 Vkie) <1

Thus in all cases 0 < p(e), v (e) < 1 and py(e) + v (e) < 1.

Now consider a vertex v € V,,_;. By definition,

M, (v) = Z wy,(e) pxle), Ny (v) = Z wy,(e) vg(e),

ecE, eck,
vee vee
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with wy(e) >0and > _ wy(e) = 1. Since each j;(e) and vy (e) lies in [0,1], we have
0< M(v) <) wile) - 1=1, 0<N(v) <) wyle)-1=1.
esv esv

For the sum,

esv esv

Thus the assertions hold at level k as well.

Finally, for any alternative a € A C V};, the inequalities

0< M,(a), Ny(a) <1, My(a)+ N,(a) <1
imply —1 < M, (a) — N, (a) <1, s0 —1 < S(a) < 1. O
Theorem 30 (Complexity). Let
n—1 n
14 ::Z‘Vk|v |E| ::Z|Ek‘a dy, = 22%’,5'6" d: _1IEI?J<Xndk

Assume that for each level k, the incidence structure of E,, is available (for example, as adjacency lists mapping
each v € V. to the incident edges). Then Algorithm 2 runs in time

n

O(> (1B d+1Via))) = O(n(IEId+|V])),

k=1

and uses
(Zw +Z\Ek\) o(|v| + | E)

additional space.

Proof: Initialization at level 0 visits each v € V[, once and performs constant work, so costs O(|V|).

At a fixed level k, computing p(e) and v (e) for each e € E,, requires scanning the vertices in e, which takes
O(|e|) time per edge. Thus the propagation step costs > O(le|) = O(|Ey| dy,). The rescaling (if needed) is

O(1) per edge.

eckE,,

The aggregation step must evaluate, for each v € V,,_,

= Zwk(e) pp(e), Np(v) = Zwk(€> vi(€)

esv esv

Using adjacency lists from vertices to incident edges, the total work over all vertices at level kK — 1 is again
proportional to the number of incidences between V,_; and E,, i.e. O(|E,|d},), plus O(|V,,_4]|) for initialization
and summation bookkeeping. Hence level k costs O(|EL| dy, + |Vi_1])-

Summing over levels k = 1,...,n yields

n

0> (1Bl dy +1Via)) € O (Bl d+[V]):

k=1

Regarding space, the algorithm stores the arrays M, and NV, for vertices at each level and p,, v, for edges at
each level; their total size is Z:;é O(|Vi]) + ZZZI O(|E,|) = O(|V| + |E|) in addition to the input incidence
data. O



Hierarchical Network Modeling with Intuitionistic Fuzzy Superhypergraphs 21

6 | Discussion and Comparison

While classical hypergraphs [3], intuitionistic fuzzy hypergraphs, superhypergraphs [27], and fuzzy superhyper-
graphs [28] each address aspects of uncertainty or higher-order connectivity, our intuitionistic fuzzy superhyper-
graphs combine these strengths and yield several key benefits:

e Enhanced decision support. They facilitate decision-making within extremely intricate network
structures, going beyond what standard fuzzy superhypergraphs can handle.

e Hierarchical modeling. They natively represent nested, multi-scale relationships that ordinary hy-
pergraphs are unable to encode.

e Richer uncertainty representation. By assigning both membership and non-membership degrees
in accordance with Atanassov’s constraint, they capture uncertainty more precisely.

e Well-behaved operations. They admit natural intuitionistic-fuzzy operations—such as level-cuts,
union, intersection, and complement—while maintaining full consistency of the intuitionistic framework.

7 | Conclusion and Future Work

7.1 | Conclusion

In this paper, we introduced the concept of an intuitionistic fuzzy superhypergraph, which enriches intuitionistic
fuzzy graphs by embedding them within the superhypergraph framework. We also explored a graph-based
algorithm for constructing this structure.

7.2 | Future Work

Future research will investigate the integration of Rough Sets [29] and Plithogenic Sets [13], as well as extensions
to bidirected graphs [30]. We also anticipate conducting computational experiments and developing software
tools to facilitate the practical construction and analysis of intuitionistic fuzzy superhypergraphs.
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