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Abstract
In the classical statistical framework, a precise and determinate dataset is used to estimate the population mean
when auxiliary variables are known. In cases where the data is unclear or expressed in ranges, such as with daily city
temperatures or stock prices, classical statistics fail to perform well in such situations. In these cases, neutrosophic
statistics provide significantly greater precision. The primary objective of this study is to propose a neutrosophic
estimator that minimizes the mean squared error (MSE) in estimating unknown finite population mean, particularly
in cases where classical statistics fall short due to data ambiguity and indeterminacy. The concept of neutrosophic
statistics was pioneered by Florentin Smarandache. It is a generalization of classical statistics that addresses
ambiguous, unclear, vague, and indeterminate data. In this study, we present a neutrosophic logarithmic ratio-type
estimator that uses known auxiliary information to estimate the neutrosophic mean of a study variable. The
proposed estimators’ bias and MSE are analyzed through a first-order approximation. Based on the MSE and
percent relative efficiency (PRE) criteria, the proposed estimator shows improved performance over existing
neutrosophic estimators. The proposed estimator’s performance is validated through empirical studies, with its
practical relevance demonstrated using real-life neutrosophic datasets from medical product sales and marketing.
In addition, a simulation study was also carried out, showing that our proposed estimator performs better than

those discussed in the previous studies.

Keywords: Classical Statistics; Neutrosophic Statistics; Logarithmic Ratio-Type Estimator; Auxiliary Information; Mean
Squared Error (MSE); Percentage Relative Efficiency (PRE).

1 | Introduction

The objective of sampling theory is often to derive highly precise estimates of the study variable. Over the
years, statisticians have come to appreciate the role of auxiliary information in improving estimation accuracy
and have adopted it extensively. The choice of estimator is influenced by the correlation between the study
and auxiliary variables. Specifically, ratio estimators are applied when there is a positive relationship between
the study and auxiliary variables, while product estimators are chosen in the case of a negative relationship.
As a result of ongoing innovation and in-depth statistical assessment, these estimators are seen as reliable and
effective methods for population estimation in survey sampling. By incorporating auxiliary information, ratio,
and product estimators achieve greater accuracy and efficiency. To enhance the efficiency and precision of
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several estimators, characteristics of auxiliary variables such as kurtosis and coefficients of variation ate
considered. Integrating the above information into the estimation process can yield more accurate and
effective estimators tailored to the data’s intricate nature and fluctuations. The development and enhancement
of various estimation techniques, including ratio, product, and exponential estimators, have significantly
contributed to improving the estimation of population means in sample surveys. Ratio estimators play a vital
role in estimation theory by assuming a proportional relationship exists between the study and auxiliary
variables. Using auxiliary data, these estimators derive a ratio between the relevant study variable and its
corresponding auxiliary variable. Incorporating both the sample data and auxiliary information, the resulting
estimator enhances the precision of the population mean estimate. Ratio estimators reflect both the inherent
variability and the core association between variables, offering deep insights into population characteristics.
Similar to ratio estimators, product estimators perform estimation by applying a multiplicative relationship
between observed values and auxiliary information. These estimators bring a novel approach to estimating
the population mean by modeling the connection between the main variable and its supportive factor. In
situations involving multiplicative interactions between variables, product estimators prove useful because of
their adaptable nature. Exponential estimators utilize exponential transformations of auxiliary variables,
offering a unique and broadened approach to estimation [1].

In classical statistics, numerous estimation methods have been devised based on single as well as multiple
auxiliary variables. [2] was the first to utilize auxiliary data to improve the precision of the ratio estimation
technique. A ratio estimator is applied when the auxiliary variable is positively correlated with the study
variable. The product method of estimation, introduced by [3] in 1964, was designed as a parallel to the ratio
estimator. The product method of estimation is used when a negative correlation is observed between the
study and auxiliary variables. The regression estimator provides more accurate results than the ratio and
product estimators when the regression line does not pass through the origin. [4] introduced exponential
ratio-product estimators that incorporate auxiliary information through second-order approximation
techniques. [5] introduced a set of exponential ratio estimators that utilize two auxiliary variables to estimate
the finite population mean. Exponential imputation approaches for estimating the population mean under
the assumption of completely random missing data were suggested by [6].

Classical statistics operates on datasets where all values are crisp and the measurements involve no ambiguity.
But in many situations, the data exhibits feature of uncertainty, and ambiguous interpretation. To tackle such
ambiguity, L.A. Zadeh pioneered fuzzy logic as his first contribution [7]. In everyday scenarios, we often deal
with indeterminate data, for example, temperature readings, decision-making systems, weather predictions,
economic trends, etc. In these situations, it becomes essential to develop new methods for managing
indeterminate data. To resolve uncertainty and vagueness in data, fuzzy logic is often applied, but it lacks the
capacity to address indeterminacy. When faced with this kind of situation, methods based on neutrosophic
logic are ideal for managing both unpredictability and indeterminacy. Florentin Smarandache proposed
neutrosophy, an extension of fuzzy logic that considers both randomness and indeterminacy [8].
Neutrosophic statistics address scenarios with data uncertainty, unlike classical statistics, which are applied
when the data is clear and deterministic [9]. When there is no indeterminacy, neutrosophic statistics behaves
just like classical statistics, reflecting its role as an expansion of the classical model [9].

Neutrosophic statistics is effective in addressing various real-world challenges, including the study of traffic
accidents, [10]. A goodness-of-fit method grounded in neutrosophic statistics was developed by [11].
Neutrosophic statistics, as described in [12], deals with situations where the sample size isn't precisely known.
A more sophisticated version of fuzzy sets is the complex fuzzy set, and its broader generalization is known
as the complex neutrosophic set. Under the framework of sampling theory, [13] addressed the estimation of
the population mean in the face of data indeterminacy and lack of certainty. An almost unbiased estimator
for determining the population mean using neutrosophic information was suggested by [14]. In an effort to
enhance population mean estimation, [15] proposed a generalized method under the neutrosophic framework.
In the past few years, the field of neutrosophic statistics has seen major contributions from various scholars.
A neutrosophic ranked set sampling method and a corresponding generalized estimator for estimating the
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population mean were presented by [16]. A neutrosophic exponential-type estimator utilizing both study and
auxiliary variables was developed by [17] to address population mean estimation under uncertain conditions.
Neutrosophic Hartley-Ross-type ratio estimators capable of estimating the population mean despite the
presence of outliers and sensitive or non-sensitive variables were proposed by [18]. [19] proposed
neutrosophic regression-cum-ratio estimators for estimating the population mean in uncertain environments,
with applications in the field of medical science. A Neutrosophic Ranked Set Sampling approach aimed at
estimating the population mean, with an application to demographic data was proposed by [20]. Using
neutrosophic stratified sampling, [21] introduced new regression and ratio-based estimators and analyzed their
statistical behavior using real-world climate data. To improve the estimation of the population mean, [22]
proposed a new neutrosophic estimator that unites ratio-cum-product exponential methods and two auxiliary
inputs. [23] introduced a family of neutrosophic estimators aimed at estimating the mean, using real-world
data for application. A method for estimating the population mean using two neutrosophic auxiliary variables
with uncertain information was proposed by [24]. An improved method for estimating the population mean

using the known medians of two auxiliary variables under the neutrosophic setting was introduced by [25].

In our study, we have proposed a neutrosophic logarithmic ratio-type estimator to estimate finite population
mean under uncertainty. This paper has been systematically arranged in the following manner: In Section 1,
we provide the Introduction, followed by a discussion on neutrosophic statistical notation and symbols in
Section 2. Section 3 presents an overview of several existing neutrosophic estimators. Section 4 introduces
our proposed estimator and includes first-order derivations for the bias and MSE of the neutrosophic
logarithmic ratio-type estimator. Section 5 presents a discussion on the theoretical efficiency comparison.
Section 6 includes a real-world application drawn from the COVID-19 situation. Section 7 covers the
simulation study. In Section 8, the results are presented and discussed in detail. In Section 9, we draw

conclusions based on the research findings.
2 |Notation and Terminology

Various types of neutrosophic observations were presented, featuring numerical data that suggested the value
might lie within an uncertain interval (a, b) [9]. Different techniques can be applied to express the interval
form of a neutrosophic number. According to [13] and [15], such an interval value is denoted as Zy = Z} +
Zyly, with Iy belonging to the range [I}, I7]. In the neutrosophic variable Zy, the symbols Zj, and Zy denote
its lower and upper limits, respectively, while Iy represents its indeterminacy degree, taking values between 0
and 1. Let the ith observation of the neutrosophic vatiable y be represented as Yy (i) € [y, Yy]. Similarly,
the auxiliary variable X is denoted as xy (i) € [x, xy].

Let the neutrosophic sample means ¥y (i) € [V, ¥y] and Xy (i) € [X;, Xy] represent the sample means of
the neutrosophic variables yy and xy, respectively. Let Yy (i) and Xy (i) be the population means of the
study and auxiliary variables, respectively. The neutrosophic variables yy and Xy, their respective coefficients

of variation (CV) are denoted by Cyy € [Cyp,Cyy] and Cyy € [Cyp, Cyxy]. The neutrosophic correlation

coefficient between study variable yy and auxiliary variable Xy is given as pyyy € [pny, pny] respectively.

Neutrosophic relative errors for the sample means of the study and auxiliary variables yy and Xy are

In-Y xn—X 4 . .
represented as egy = —=—= and €,y = —=—= respectively. To compute the bias and MSE of the estimator,
Yn XN

we express it as follows,

yn =1 +e)Vy and Ty = (1 +ey)Xy,

E(eon) = E(en) =0

E(egzv) = fNC3%N ’ E(elzN) = fNCJ?N and E(egne1y) = fNPnyCxNCyN-

where,
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eon € [eor, eoul, ein € [e1r, e1y] and egnern € [egre1r, eouevl-

Ny—n
fu =", where, fy € [fL, ful
NVN

2
— SyN CZ S)%N

2 — — 2 2 2 2 2 2 2
CyN = 7_15’ xN — %, and Sny = pnyCxNCyN, where, CyN € [CyLrCyU]a Cyn € [CxL'CxU]: SyN €

[S§LIS)%U]) SJ%N € [S)%L'SJ%U]) Sny € [Sny,Sny] d”dpny € [pny,,Dny].

An illustration of the proposed study utilizing neutrosophic numbers is presented in the following Figure 1.
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Figure 1. Flowchart of the parameter estimation process.

3 | Existing Neutrosophic Estimators

The neutrosophic sample mean is utilized to approximate the neutrosophic population mean (Yx) as,

tin = YN

The expression that defines the variance of the estimator (tin) is presented as follows,

V(tin) = fNYI\%C}%N swhere, tiy € [t1, tiy]-

Based on the work in [3], the neutrosophic product estimators are formulated as shown below,

ton = Yn ()%)

The expressions for the bias and MSE of estimator (t,y) are presented below,

Bias(tay) = fi 1?NPny CynCyn

MSE(tan) = fn¥n (Cyn + Cin + 2pyanCenCyn)  where, toy € [t toy].

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

A Neutrosophic ratio estimator for estimating a finite population mean was introduced by [13], defined as

follows,

t3n = YN (XN)

XN

Using a first-order approximation, the bias and MSE for estimator (t3y) are detived as follows,

(3.6)



15 Ravindrabahadur et al. | Neutrosophic Opt. Int. Syst. 7 (2025) 11-24

Bias(tzn) = fu¥n (Cinv — PyxnCan Cyn) 3.7
MSE(tsn) = fx¥x (Cyn + Cin — 2PyxnCenCyn) ; Where, tay € [t3y, tay]. 3.8)

Motivated by [26], [13] suggested a neutrosophic ratio estimator that makes use of the coefficient of variation
(CV) associated with the neutrosophic variable X as,

tan = YN (M) (3.9)

XN+CxN

Up to the first-order approximation, the bias and MSE of estimator (t4y) are tespectively as follows,

Bias(tan) = fn¥n (07 Cin — 018 PyxnCxnCyn) (3.10)

MSE(tan) = fn ¥ (Con + 07nCiy — 201nPyxnCenCyn) 3.11)
X

Where, 011\] = XN+IZ'xN and t4N € [t4L' t4u].

With reference to [1], [13] presented the following neutrosophic exponential ratio-type estimator as,

_ XN—X
tsy = ynexp (x-—:ﬂ?:) (3.12)
The expressions for the bias and MSE of estimator (tgy) are provided below as,
. 5 (3 1
Bias(tsy) = fn¥n (g Cin = 5 Pyan CxNCyN) (3-13)
v2 (2 Can
MSE(tsy) = fnYy (CyN + pyxanNCyN) ;where, tsy € [tsp, tsyl. 3.14)
With reference to [1], [27] suggested using the neutrosophic exponential product-type estimator outlined
below as,
_ y—X
ten = YneXp (fxﬂ?z) (3.15)

The corresponding expressions for its bias and MSE are given as follows,

. = (3 1
Bias(ten) = fv¥n (g Cin + EpnyCxNCyN) 3.16)
MSE = £, 72 (c2, + & CynC :wh 3.17
(ten) = fn¥n (Cyn + 2 T PyxnlanCyn ) ;where, tey € [ter teu]- 3.17)

A neutrosophic ratio estimator involving the population correlation coefficient was developed by [15],

ton = In (M) (3.18)

XN+PyxN

The expressions for the bias and MSE of estimator (ty) are provided below as,

Bias(t;y) = fyYn(058Cin — O2nPyxn CxnCyn) 3.19)
MSE(t;y) = faYy (CfN +05nCin — 20,5 PyxnCxnCyn) (3.20)
Where, 921\/ = Xy and t7N € [t7Li t7u].

}?N+pny

Inspired by [28], the neutrosophic ratio estimator (tgy) was proposed using ratio estimators for the

population mean based on the sample size selected from the population as,

tgn = YN (XNMN) (3.21)

XNty

The bias and MSE of the neutrosophic ratio estimator (tgy) ate respectively expressed as follows,



16

Logarithmic Ratio-Type Estimator for Finite Population Mean under Neutrosophic Framework

Bias(tgy) = fxYn (058 Cin — O3nPyxn CxnCyn) (3.22)
MSE(tgy) = fu ¥y (CfN + 03y Cin — 2035 PyxnCxnCyn) (3.23)
Where, 931\] = _X—N and th € [t8L) tsu].

XN+TlN

Following the work of [29], [13] defined the neutrosophic modified exponential ratio estimator in the
following way as,

(aN)?N"'bN)_(aan"'bN))
(anXn+by)+(ayEn+by)

ton = Fvexp ( (3.24)

where, ay and by represent the auxiliary neutrosophic parameters.

For a first-order approximation, the neutrosophic exponential ratio estimator (toy) has the bias and MSE as

follows,
. > 3 2 2 1
Bias(ton) = fnYn (g OanCxn — 594prxNCxNCyN) (3.25)
MSE(toy) = fy ¥ (Ciy + 02yCin — 204nPyxnCinCyn) (3.20)
anXy
Where, 941\] = m and th € [tgL, tgu].

4 | Proposed Neutrosophic Estimator

This section presents improved neutrosophic logarithmic ratio-type estimator aimed at efficiently estimating
the mean of a finite neutrosophic population. Drawing inspiration from the studies in [30] and [31], we
developed an improved estimator that utilizes the known mean of an auxiliary variable under the neutrosophic
approach. The following expression represents the proposed estimator as,

_ XN

* _ (X yNLn(X—) _

Ity = Wiy [J’N (f_N)] + way [—- 2o Xy (4.1)
N XN

where, Wiy and W,y represents the scalars that to be identified in order to minimize the MSE of estimator

(tn)-

The estimator ty can be expressed with respect to error term egy and eqy as follows:

= Xn(+eqn)
_ e Tn(1+eoy )In| o2
. _ XN N ON ( N )
Iy = Wiy [YN(1 +eon ) (—X’N(Hem ))] + way Tv(tein) Xy (4.2)
ty = win[Yw(1 + eon )X + egn) 7+ woy [Ty (1 + eon )Ln((1 + )] (1 +egy )7t 4.3)

— _ 2
ty = win[Yn(1 + eon )L —egy + ern®)] + woy [YN(l + eon ) (91N - QTN)] [(1— ey +esn®)]@d4
On simplification of the Eq. (4.4), we get,
* 7 2 % 3 2
ty = win[Yn(1 +eony — ey —eonern +ein” )] + woy [YN (elN T eonein — e )] 4.5)
Subtracting Yy on each side of Eq. (4.5) leads to,
ty — }_/N = WlN[YN(l + ey — €1y —Eeonein T e1N2 )+ way [YN (311\1 + eonein — zemz)] - 171v (4.6)

After applying expectations to both sides of Eq. (4.6) and replacing with corresponding expectation values,

the bias of estimator ty up to first-order approximation is calculated as,

Bias(ty) = E(t} — Yn) (4.7)
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. > 3
Bias(ty) = Yy [WlN{l + fnCin — pryxanNCyN} + way {pryxanNCyN - EfNCgN} - 1] (4.8)
On squaring each side of Eq. (4.6) and simplifying to the first-order approximation, we obtain,
. - _ = 3
(ty —¥y)? = (W1N[YN(1 +eon — ey — eonery + ey’ )] + way [YN (6’11\/ + eonev — gelNz)] -
_\2
7y) 4.9)
By taking expectation on both sides of Eq. (4.9), we get the following results,
MSE(ty) = Aywiy + Bywiy + Cy + 2Dywiywoy — 2Eywyy — 2Fyway (4.10)
where,
Ay =Yy (1 + fnCon + 3fnCin — 4fNPyxanNCyN) :
By =Y fnCin-
CN = ?]\%
72 5 2
Dy =Yy 2pryxanNCyN _EfNCxN .
Ey = Y§{1+ fuCin = fuPyxnCanCyn}-
V2 3 2
Fy =Yy (pryxanNCyN - EfNCxN)- .

The optimum values for constants Wy y and W,y that minimize the MSE of the proposed estimator (ty) are
determined as:

BNEN—DNFn
AnyByn-DE

ANFN—DNEN

and WZN(Opt)= ANBN—DI%,

WiN(opt) =

The minimum MSE for estimator (ty) under the optimum values of Wiy and W,y is obtained as,
MSEmn (ty) =

Ay (BNEN_DNFN)Z + By (ANFN—DNEN)2 +Cy + 2Dy (BNEN—DNFN) (ANFN_DNEN) _

AnBn—DE AnBy-D% AnBy-D% AnBn-D% @.11)
2Ey (BNEN_DN:N) — 2Fy (ANFN_DNSN)
ANBN—Dy AnBy-D§
_ 2_ 2
MSE iy, (t5) = [ZD”E”Z’IzBi’jFD’IVZV L L CN] (4.12)
* PN
MSEpn (ty) = [E + CN] (4.13)

where,

Py = 2DyEyFy — AyFf — ByER.

Qv = AnyBy — Dz%/-

5 | Theoretical Efficiency Comparison

In this section, a comparative study is carried out here between the newly proposed estimator and existing

neutrosophic estimators of the population mean (Yy), employing neutrosophic auxiliary variable. The
performance of the suggested estimator has been analyzed in terms of MSE, and the condition for it to exhibit

greater efficiency than the existing estimator has been determined.

The proposed estimator ty exhibits greater efficiency than estimator (t;y) provided that the condition holds,



18

Logarithmic Ratio-Type Estimator for Finite Population Mean under Neutrosophic Framework

V(tin) — MSEpin(ty) > 0 or,

v2,2 _ [PNn
fN Y2 C2y [QN +Cy|>0.
The proposed estimator ty has a smaller MSE compared to estimator (t,y) under the following condition,
MSE(t,y) — MSE,in(ty) > 0 or,

= P
fu¥R (Cin + Cov + 20y CenCyn) = [+ Cu| > 0.
Under a certain restriction, the proposed estimator ty performs better than estimator (t3y) ,
MSE (t3y) — MSE,,;n(ty) > 0 or,

= P
fu ¥ (Chy + Chy = 20yan ConCyw) = [+ Cw| > 0.
The condition under which the proposed estimator ty outperforms estimator (t4y) is outlined as follows,
MSE (tyn) — MSE i, (ty) > 0 or,

> P
Y (ngN +0nCiy — 291NPnyCxNCyN) - [ﬁ + CN] >0.
The proposed estimator ty is supetior to the exponential ratio estimator (tsy), under the specified condition,
MSE (tsy) — MSE,;n(ty) > 0 or,

v2 (2 cx PN
fnYy (CyN + TN - pyxanNCyN) - [a + CN] >0.
Under a certain condition, the proposed estimator ty performs better than estimator (tgy) ,

2 2 c2 Pn
1u¥8 (Cov + 2+ pyenCenCyn ) = [22 + €| > 0.
The condition under which the proposed estimator ty outperforms estimator (ty) is outlined as follows,
MSE(t;y) — MSE,in(ty) > 0 or,

> P
Y5 (Con + 03nCin — 20,5Pyan CenCyn) — [ﬁ + CN] >0.
The proposed estimator ty exhibits greater efficiency than estimator (tgy) provided that the condition holds,
MSE (tgy) — MSE,;n(ty) > 0 or,

= P
Fu¥R (Chy + 03 CEx = 205mPyen CenCyn) = [+ Cn] > 0.
The condition under which the proposed estimator ty outperforms estimator (tgy) is outlined as follows,
MSE (toy) — MSE,in(ty) > 0 or,

> P
Y (ngN +0vCin — 294prxanNCyN) - [ﬁ + CN] >0.

6 | Empirical Study

To illustrate the characteristics of our proposed neutrosophic estimators numerically, we employed two
neutrosophic datasets related to product sales and medical marketing, sourced from [32]. Medical
professionals collected networking and product sales data for two months before the lockdown (January 1 -
March 1, 2021) and during the lockdown (September 1 - November 1, 2022). These indeterminate data consist
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of two distinct sets - each containing customer networking and product sales variables, one representing the
pre-pandemic period and other the post-pandemic period.

Dataset 1: We treat the pre-pandemic networking percentage as an auxiliary information, while the pre-
pandemic sales percentage is considered as a study variable, i.e.,

Xy Pre-pandemic networking percentage
Yy: Pre-pandemic sales percentage

Dataset 2: In a similar manner, in the second dataset, the post-pandemic networking percentage is used as
an auxiliary information, while the post-pandemic sales percentage is considered as the study variable. The
study variable under neutrosophic framework is given by Yy € [Y;, Yy], where Y} indicating the lowest sales
percentage from the pre- or post-pandemic period, and the corresponding neutrosophic auxiliary variable is

Xy € [X,, Xy]. The parameters considered in this study are summarized in Table 1.
Xp: Post-pandemic networking percentage

Yy: Post-pandemic sales percentage

Table 1. Descriptive statistic for datasets 1 and 2.

Parameters Dataset 1 Dataset 2
Ny [30, 30] [30, 30]
ny 19, 9] 9, 9]
Yy [37.0033, 37.3260] [34.7260, 40.040]
Xy [34.1600, 34.4500] [34.7266, 34.9033]
Syn [12.3153, 12.3233] [12.2704, 26.7004]
Siv [15.0789, 15.0891] [15.2288, 15.2452]
Cyn [0.3328, 0.3301] [0.3533, 0.6668]
Cin [0.4414, 0.4380] [0.4385, 0.4367]
Pyxn [0.8776, 0.8775] [0.8508, 0.1462]

Percentage Relative Efficiency (PRE) is a statistical tool used to compare the efficiency of two or more
estimators involved in estimating a specific parameter. It is usually calculated as a percentage, based on the
ratio between the variance of the estimator under consideration to that of a usual estimator. A higher PRE
indicates a more efficient estimator, which yields more precise estimates with lower variability.

The following formula is used to compute the Percent Relative Efficiency (PRE) of the estimator as,

PRE = —25EON)__ 4,
MSE (estimator)

Table 2. MSEs and PREs value for proposed estimator and various existing estimators for dataset 1.

Estimator MSE In PRE

tin [11.7951, 11.8082] [0, 0.0011] [100, 100]

tyy [60.0029, 60.0948] [0, 0.0015] [19.6576, 19.6493]
tay [5.0857, 5.1003] [0, 0.0029] [231.9272, 231.5202]
tan [31.7638, 31.8282] [0, 0.0020] [37.1339, 37.0997]
tsy [3.2531, 3.2569] [0, 0.0012] [362.5786, 362.5587]
ten [30.7117, 30.7541] [0, 0.0014] [38.4060, 38.3954]
ton [4.7471, 4.7633] [0, 0.0034] [248.4722, 247.8971]
tgy [3.0603, 3.0755] [0, 0.0049] [385.4255, 383.9444]
toy [3.2531, 3.2569] [0, 0.0012] [362.5786, 362.5587

[ ]

—_ —

2.6999, 2.7051 [0, 0.0019]

—

436.8796, 436.5178
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Mean Squared Error Comparison of Neutrosophic Estimators

. MSE Lower . MSE Upper

31.76 31.82 30.71 30.75
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Figure 2. MSEs values for proposed estimator and various existing estimators for dataset 1.

Table 3. MSEs and PREs value for proposed estimator and various existing estimators for dataset 2.

Estimator MSE In PRE

tin [11.7076, 55.4415] [0, 0.7888] [100, 100]

ton [54.4685, 89.8383] [0, 0.3937] [21.4942, 61.7125]
tan [5.0169, 68.6044] [0, 0.9269] [233.3634, 80.8133]
tyn [29.0354, 78.5532] [0, 0.6304] [40.3218, 70.5782]
tsy [3.8535, 56.0780] [0,0.9313] [303.8204, 98.8650]
ton [28.5793, 66.6949] [0, 0.5715] [40.9653, 83.1270]
ton [4.7559, 68.4508] [0, 0.9305] [246.1690, 80.9947]
tgn [3.4460, 62.0300] [0, 0.9444] [339.7478, 89.3770]
ton [3.8535, 56.0780] [0, 0.9313] [303.8204, 98.8650]
ty [3.2176, 52.7549] [0, 0.9390] [363.8591, 105.0925]

Mean Squared Error Comparison of Neutrosophic Estimators

. MSE Lower . MSE Upper

Mean Squared Error
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Figure 3. MSEs values for proposed estimator and various existing estimators for dataset 2.
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7 | Simulation Study

In order to support the outcomes of the empirical results and verify the efficiency of our proposed estimator,
a simulation study was undertaken on neutrosophic simulated data. For the simulation study, we adopted the

approach proposed by [33] and [34]. The following steps were employed to generate neutrosophic data:

e The neutrosophic auxiliary variable Xy was simulated using a Neutrosophic Normal Distribution
Xy ~ NNy, 02y), This represents a case where the population mean gy is indeterminate, and
thus Xy lies within Xy = [Xp, Xy ]; txn € [0.749,1.165], 02y = [1,3.204].

e To generate the neutrosophic study variable, we employed the model Yy = Xy — 7.2ey, where
ey ~NN(O,1).

e  Using neutrosophic simple random sampling without replacement, we selected three samples of sizes
ny (ny = 100, n, = 150 and nz = 200) from a population of size Ny = 1000.

Table 4. MSEs values of both traditional and newly suggested estimator for sample size n = 100 based on simulation analysis.
Estimator MSE Iy PRE

tin [0.4756, 0.4958] [0, 0.0407] [100, 100]
tn [0.5033, 0.5835] [0, 0.1374] [94.49, 84.96]

tan [0.4675, 0.4680] [0, 0.0011] [101.74, 105.94]
tan [0.4704, 0.4765] [0, 0.0128] [101.10, 104.05]
tsy [0.4691, 0.4744] [0,0.0112] [101.39, 104.51]
ten [0.4870, 0.5322] [0, 0.0849] [97.66, 93.16]

ton [0.4676, 0.4686] [0, 0.0021] [101.71, 105.79]
tan [0.4755, 0.4951] [0, 0.0396] [100.03, 100.13]
ton [0.4722, 0.4824] [0, 0.0211] [100.72, 102.77]
ty [0.2428, 0.3401] [0, 0.2861] [195.89, 145.76]

Table 5. MSEs values of both traditional and newly suggested estimator for sample size n = 150 based on simulation analysis.

Estimator MSE Iy PRE

tin [0.2994, 0.3116] [0, 0.0392] [100, 100]
tay [0.3167, 0.3668] [0, 0.1366] [94.52, 84.95]
tay [0.2942, 0.2942] [0, 0.0000] [101.74, 105.93]
tan [0.2961, 0.2995] [0, 0.0114] [101.10, 104.05]
tsy [0.2953, 0.2982] [0, 0.0097] [101.39, 104.51]
ten [0.3065, 0.3345] [0, 0.0837] [97.67, 93.10]
t;n [0.2943, 0.2946] [0, 0.0010] [101.72, 105.79]
tgy [0.2993, 0.3114] [0, 0.0389] [100.02, 100.09]
toy [0.2972, 0.3032] [0, 0.0198] [100.72, 102.77]
ty [0.1820,0.2371] [0, 0.2324] [164.51, 131.44]
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Table 6. MSEs values of both traditional and newly suggested estimator for sample size n = 200 based on simulation analysis.

Estimator MSE Iy PRE

tin [0.2113, 0.2204] [0, 0.0413)] [100, 100]
ton [0.2237, 0.2593] [0, 0.1373] [94.47, 84.97]

- [0.2077, 0.2080] [0, 0.0014] [101.74, 105.95]
tan [0.2090, 0.2118] [0, 0.0132] [101.10, 104.06]
tsy [0.2084, 0.2108] [0, 0.0114] [101.39, 104.51]
ten [0.2164, 0.2365] [0, 0.0850] [97.65, 93.71]

- [0.2077, 0.2083] [0, 0.0029] [101.72, 105.81]
tan [0.2113, 0.2202] [0, 0.0404] [100.01, 100.07]
ton [0.2098, 0.2144] [0, 0.0215] [100.72, 102.77]
ty [0.1439, 0.1772] [0, 0.1879)] [146.81, 124.36]

e The obtained samples were used to evaluate the MSEs of the existing as well as the proposed
estimators.

e The entire procedure of obtaining MSEs for the estimators using neutrosophic simple random

sampling was repeated 10,000 times.

o The outcomes of MSE and PRE evaluations for the estimators are summarized in Tables 4 to 6.
8 | Discussion and Results

According to Table 2, the sampling variance for the neutrosophic estimator £y lies in the interval [11.7951,
11.8082], while that of the neutrosophic exponential ratio estimator (t5y) is [3.2531, 3.2569]. However, the
range of the neutrosophic MSEs for estimator (tyy) is [31.7638, 31.8282]. The reason estimator (tgy)
exhibits greater MSEs than estimator (t;y) lies in the low value of neutrosophic CV associated with the
auxiliary variable X. Additionally, Figure 2 displays the Mean Squared Error (MSE) values of the proposed
estimator compared to existing estimators for Dataset 1. Among the various competing estimators for the

neutrosophic population mean (Yy), the proposed class of neutrosophic estimators (ty) has the lowest MSE,
ranging from [2.6999, 2.7051], and demonstrate the higher PRE.

In a similar manner, Table 3 illustrates the comparison of MSEs and PREs between the proposed and existing
estimators. Moreover, Figure 3 illustrates the MSE comparisons for Dataset 2, emphasizing the effectiveness
of the proposed estimator over existing ones. Furthermore, the proposed estimators exhibit reduced MSEs
and improved PREs when compared to those of the existing estimators. The bold style is used to highlight
its value. Therefore, Tables 2 and 3 support the theoretical derivation that the proposed estimator is superior
to the existing ones. Additionally, A simulation study based on sample sizes of 100, 150, and 200 is
summarized in Tables 4-6, highlichting the comparative performance of the proposed and existing
neutrosophic estimators with respect to MSEs and PREs. The findings reveal that the proposed estimator

(tn) is the most efficient among the estimators considered.
9 | Conclusion

This paper introduces a logarithmic ratio-type estimator that leverages auxiliary information to estimate the
finite population mean when data is imprecise. A key feature of neutrosophic observations is their inclusion
of imprecise, uncertain, or indeterminate values. We examined the bias and mean squared error (MSE) of the
proposed estimator family within the framework of neutrosophic sampling, using a first-order approximation.
We derived the neutrosophic optimum values of the estimator’s characterizing scalars, the corresponding
minimum MSE of the proposed estimator has been computed accordingly. Additionally, the proposed

estimator was theoretically compared with competing neutrosophic estimators, and efficiency conditions were
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derived. These efficiency conditions were verified using empirical analysis as well as through simulation study.
Based on the empirical results presented in Tables 2 and 3, and the simulation findings in Tables 4 and 6, we
conclude that the proposed estimators are effective in estimating the finite population mean using auxiliary
information when the data is unclear, vague, ambiguous, indeterminate, or interval-based.

Funding
This research has no funding source.
Data Availability

The datasets generated duting and/or analyzed during the current study are not publicly available due to the
privacy-preserving nature of the data but are available from the corresponding author upon reasonable

request.

Conflicts of Interest

The authors declare that there is no conflict of interest in the research.
Ethical Approval

This article does not contain any studies with human participants or animals performed by any of the authors.

References

[1]  BahlS., & and Tuteja, R. K. (1991). Ratio and product type exponential estimators. Journal of Information and Optimization
Sciences, 12(1), 159-164. https://doi.org/10.1080/02522667.1991.10699058.

[2]  Cochran, W. G. (1940). The estimation of the yields of cereal experiments by sampling for the ratio of grain to total produce.
The Journal of Agricultural Science, 30(2), 262—275. Cambridge Core. https://doi.org/10.1017,/50021859600048012.

[3] Murthy, M. N. (1964). Product method of estimation. Sankhya: The Indian Journal of Statistics, series A, 69-74.

[4]  Sharma, P., Verma, H., Sanaullah, A., & Singh, R. (2013). Some exponential ratio-product type estimators using information
on auxiliary attributes under second order approximation. International Journal of Statistics and Economics, 12(3), 58—66.

[5]  Singh, R., & Sharma, P. (2015). A class of exponential ratio estimators of finite population mean using two auxiliary variables.
Pakistan Journal of Statistics and Operation Research, 11(2), 221-229. https://doi.org/10.18187/pjsor.v11i2.759.

[6]  Singh, R., & Sharma, P. (2015). A class of exponential ratio estimators of finite population mean using two auxiliary variables.
Pakistan Journal of Statistics and Operation Research, 11(2), 221-229. https://doi.org/10.18187/pjsor.v11i2.759.

[71  Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338—353. https://doi.org/10.1016/S0019-9958(65)90241-
X.

[8]  Smarandache, F. (2010). Neutrosophic logic-a generalization of the intuitionistic fuzzy logic. Multispace & multistructure.
Neutrosophic transdisciplinarity (100 collected papers of science), 4, 396.

[91 Smarandache, F. (2014). Introduction to Neutrosophic Statistics. https://doi.org/10.13140/2.1.2780.1289.

[10] Aslam, M. (2021a). Monitoring the road traffic crashes using NEWMA chart and repetitive sampling. International Journal
of Injury Control and Safety Promotion, 28, 39—45. https://doi.org/10.1080/17457300.2020.1835990.

[11] Aslam, M. (2021b). A new goodness of fit test in the presence of uncertain parameters. Complex & Intelligent Systems, 7,
359-365. https://doi.org/10.1007 /s40747-020-00214-8.

[12] Smarandache, F. (1999). A unifying field in Logics: Neutrosophic Logic. In Philosophy (pp. 1-141). American Research Press.

[13] Tahir, Z., Khan, H., Aslam, M., Shabbir, J., Mahmood, Y., & Smarandache, F. (2021). Neutrosophic ratio type estimators
for estimating the population mean. Complex & Intelligent Systems, 7(6), 2991-3001. https://doi.org/10.1007 /s40747-021-
00439-1.

[14] Singh, R., Kumari, A., Smarandache, F., & Tiwari, S. (2024). Construction of almost unbiased estimator for population mean
using neutrosophic information. Neutrosophic Systems with Applications, 76, 449-4063.
https://doi.org/10.5281/zenodo.14010268.

[15] Yadav, S.K., & Smarandache, F. (2023). Generalized neutrosophic sampling strategy for elevated estimation of population
mean. SSRN Electronic Journal, 2023. https://doi.org/10.2139/ssrn.4652035.



Logarithmic Ratio-Type Estimator for Finite Population Mean under Neutrosophic Framework

24

[10]

[17]

(18]

(191

20]

21]

22]
23]
4]
23]
[26]

27]

28]
(29]

(30]

(31]

[32]

33]

[34]

Vishwakarma, G., & Singh, A. (2022). Generalized estimator for computation of population mean under neutrosophic ranked
set technique: An application to solar energy data. Computational and Applied Mathematics, 41.
https://doi.org/10.1007/s40314-022-01820-7.

Kumar, S., Kour, S., Choudhary, M., & Sharma, V. (2022). Determination of population mean using neutrosophic,
exponential-type estimator. Lobachevskii Journal of Mathematics, 43 3359-3367.
https://doi.org/10.1134/51995080222140219.

Alomair, A., & Shahzad, U. (2023). Neutrosophic mean estimation of sensitive and non-sensitive variables with robust
hartley—tross-type estimators. Axioms, 12. https://doi.org/10.3390/axioms12060578.

Singh, A., Aslam, M., Vishwakarma, G. K., Dhital, A., & Patrascu, I. (2023). Neutrosophic regression cum ratio estimators

>

for the population mean: an application in medical science. In Cognitive Intelligence with Neutrosophic Statistics in
Bioinformatics (pp. 313-333). Academic Press.

Singh, R., & Kumari, A. (2024). Neutrosophic ranked set sampling scheme for estimating population mean: An application
to demographic data. Neutrosophic Systems with Applications, 68, 2024. https://doi.org/10.5281/zenodo.11479519.
Singh, A., Kulkarni, H., Smarandache, F., & Vishwakarma, G. K. (2024). Computation of separate ratio and regression
estimator under neutrosophic stratified sampling: An application to climate data. Journal of fuzzy extension and applications,
5(4), 605-621.

Singh, P., & Gupta, S. (2025). Combining two auxiliary variables for elevated estimation of finite population mean under
neutrosophic framework. Neutrosophic Sets and Systems, 76, 275-287.

Singh, B., Singh, A., & Smarandache, F. (2025). A family of neutrosophic estimators for estimating mean: An application to
real data. Sankhya B, 87. https://doi.org/10.1007/s13571-025-00369-9.

Yadav, S. K, Singh, R., & Tiwari, S. N. (2025). Estimation of population mean utilizing two neutrosophic auxiliary variables
with imprecise information. Uncertainty Discourse and Applications, 2(1), 17-31.

Singh, R., & Tiwari, S. N. (2025). Improved estimator for population mean utilizing known medians of two auxiliary variables
under neutrosophic framework. Neutrosophic Systems with Applications, 25(1), 38-52.

Sisodia, B. V. S., & Dwivedi, V. K. (1981). A modified ratio estimator using coefficient of variation of auxiliary variable.
Journal of the Indian Society of Agricultural Statistics., 33(1), 13—18.

Yadav, V. K., & and Prasad, S. (2024). Neutrosophic estimators for estimating the population mean in survey sampling.
Measurement: Interdisciplinary Research and Perspectives, 22(4), 373-397.
https://doi.org/10.1080/15366367.2023.2267835.

Jerajuddin, M., & Kishun, J. (2016). Modified ratio estimators for population mean using size of the sample, selected from
population. IJSRSET, 2(2), 10-16.

Singh, R., Chauhan, P., Smarandache, F., & Sawan, N. (2007). Auxiliary information and a prioti values in construction of
improved estimators. Infinite Study.

Gulzar, M. A., Abid, M., Nazir, H., Zahid, F., & Riaz, M. (2020). On enhanced estimation of population vatiance using
unconventional measures of an auxiliary variable. Journal of Statistical Computation and Simulation, 90, 1-18.
https://doi.org/10.1080/00949655.2020.1767620.

Gupta, R., Ali, M., Yadav, S. K., Kumar, G., & Kumar, S. (2024). Improved estimation of the population mean by integrating
additional  auxiliary ~parameters. Korean Journal of Physiology and Pharmacology, 28(1), 205-210.
https://doi.org/10.25463 /kjpp.28.1.2024.2.

Aleeswari, A., Martin, N., Smarandache, F., & Katabasevic, D. (2023). Neutrosophic statistical analysis of hybrid work model
of medical professionals. In Cognitive Intelligence with Neutrosophic Statistics in Bioinformatics (pp. 305-312). Academic
Press.

Raghav, Y. S. (2023). Neutrosophic generalized exponential robust ratio type estimators. International Journal of Analysis
and Applications, 21, 41-41.

Singh, P., Sharma, P., & Singh, A. (2025). Estimation of population mean using generalized neutrosophic exponential
estimators. Research in Mathematics, 12. https://doi.org/10.1080/27684830.2025.2474774.

Disclaimer/Publishet’s Note: The perspectives, opinions, and data shared in all publications are the sole

responsibility of the individual authors and contributors, and do not necessarily reflect the views of Sciences

Force or the editorial team. Sciences Force and the editorial team disclaim any liability for potential harm to

individuals or property resulting from the ideas, methods, instructions, or products referenced in the content.



