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Abstract

High-dimensional black-box optimization is a highly challenging problem, especially when each function evaluation
is expensive, the objective is non-differentiable, and almost nothing is known about its structure. In this setting,
traditional gradient-based methods are not available, and most existing metaheuristics either stagnate far from truly
competitive solutions or require an impractically large number of evaluations once the dimension exceeds about
d = 100. This paper directly addresses this challenge by proposing the Adaptive Neuro-Metaheuristic with
Transformer-based Differential Evolution (ANM-TDE), which combines a Transformer-based surrogate model
with a self-adaptive Differential Evolution (DE) algorithm to greatly reduce the number of real function evaluations
while maintaining strong global search performance. The surrogate model is incrementally trained on all previously
evaluated candidates and uses multi-head self-attention to predict their fitness, while the DE engine consults the
surrogate to pre-screen trial solutions before paying the cost of real evaluations. We prove that the expected
difference between the surrogate-predicted fitness and the true fitness decays at the rate O(N -/ 2) as the archive
size N incteases, and that the overall method converges to a stationary point at the rate O(1/K) in the nonconvex
setting, assuming an L-smooth objective and a bounded surrogate approximation error. On 12 benchmark
problems with dimensions from d = 30 to d = 500, including Sphere, Rosenbrock, Rastrigin, Ackley, Schwefel,
and Levy, ANM-TDE reduces the number of real function evaluations by 67—73% compared with standard DE,
while achieving a mean best fitness of 1.47 X 107% on F1 (Sphere, d = 100), versus 8.93 X 1078 for CMA-ES.
Wilcoxon signed-rank tests show statistically significant improvements on 10 out of 12 benchmarks. The results
show that ANM-TDE is a competitive algorithm for expensive black-box optimization problems such as
engineering design, hyperparameter tuning, and scientific simulation.
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1 |Introduction

Consider a continuous function f: R% = R about which nothing else is known and for which no gradients
are available, so that classical gradient-based and convex-programming techniques [1, 2] cannot be applied
directly. Every evaluation of f takes minutes or even hours, and the dimension is large (d = 100). The goal
is to find X* = argminge, f(X), where £2 € R% is the feasible set, using as few evaluations of f as possible;
this is known as the black-box optimization problem. It appears in numerous practical applications, such as
aerodynamic shape design [3], the search for high-performance neural networks [4], parameter tuning for
large-scale simulators [5], and chemical synthesis and materials discovery [6]. No algorithm is known to solve
the problem in polynomial time in the general case; researchers in the field are therefore typically concerned

with heuristics and with average-case rather than worst-case performance.

Three classes of algorithms exist for this problem. The first is Bayesian optimization (BO) [7-9]. BO fits a
Gaussian process (GP) model to the observations collected so far and then chooses the next evaluation
location by maximizing an acquisition function, such as expected improvement or upper confidence bound
[5, 9]. BO requires only a few evaluations when the search space is small, but it does not scale well to large
problems, because GP inference scales cubically, O(N3), with the number N of stored evaluations, and
optimizing the acquisition function becomes challenging once the dimensionality of the search space exceeds
a few tens of variables [8, 10].

Between 2020 and 2024, several studies attempted to extend BO through sparse GPs [7], trust-region
decompositions [8], parallel multi-fidelity schemes [10], and latent-space projections [9]; however, the
fundamental cubic scaling has not been eliminated without sacrificing model fidelity. The second class
comprises population-based metaheuristics, such as DE [11] and its adaptive variants [12-14], CMA-ES [15],
and swarm-inspired methods such as Harris hawks optimization [16]; these methods are robust but typically
require very large evaluation budgets. The third class, evolutionary surrogate-assisted methods [17-19],
attaches lightweight regression surrogates (radial basis functions, polynomial response surfaces, neural
networks) to population-based optimizers: the surrogate pre-screens candidate solutions, and only the most
promising subset is evaluated on the true function. This strategy also works in high-dimensional spaces, but
the surrogate is typically fixed and is usually a shallow feed-forward network. Such a model cannot cope with
complex, multimodal fitness functions once the dimensionality exceeds 200, because it is limited by its
architecture. Previous studies have applied Transformers [20] to optimization, for example as meta-learners
and in neural architecture search [4], thus providing a basis for further research. To the best of our knowledge,
this is the first work that integrates a Transformer-based surrogate model with adaptive differential evolution

and provides the corresponding convergence guarantees.

Another important context for ANM-TDE is its relation to other recent surrogate-assisted evolutionary
methods. Guo et al. [18] introduced a hybrid that combines a surrogate model with an estimation-of-
distribution algorithm and local search, demonstrating strong performance on a collection of expensive
optimization benchmarks; however, their algorithm uses a shallow regression model instead of an attention-
based architecture and does not provide a formal convergence analysis. The overview by Jin et al. [17] and
the survey by Chugh et al. [19] summarize the literature on surrogate-assisted evolutionary optimization and
suggest that self-attention-based surrogates have been relatively underexplored in this context. ANM-TDE
differs from these approaches in its use of self-attention to model interactions across the entire population
(rather than evaluating each candidate independently) and in the incorporation of the resulting surrogate into
an explicit, theoretically grounded pre-screening rule. Direct empirical comparisons with these recent methods
are therefore an important area of future research, as discussed further in Section 6.

The research gap is therefore specific: surrogate-assisted DE in high dimensions (d = 100) with (i) a
surrogate that captures long-range fitness structure via self-attention, (i) an adaptive archive-management
policy that prevents surrogate over-confidence, (iii) a formal convergence analysis connecting the surrogate
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approximation error to the overall optimization error, and (iv) statistical benchmarking against contemporary
DE variants. This paper addresses all four requirements.

Our contributions are as follows:

Contribution 1: Transformer Surrogate for Fitness Prediction. We construct a compact Transformer
encoder [20] that takes the cutrrent population matrix as input, treating each candidate as a d-dimensional
token in the sequence, and returns a fitness prediction together with a calibrated uncertainty estimate for each
candidate using Monte Carlo dropout. The resulting inference cost is O(N - d?), dominated by the attention
mechanism rather than by GP matrix inversion, which allows efficient online updates.

Contribution 2: Surrogate-Gated Differential Evolution. We embed the Transformer surrogate into the
L-SHADE adaptive DE framework [12] by reformulating the trial-vector acceptance step as a two-phase,
surrogate-based pre-screening oracle. In particular, any trial vector whose surrogate-predicted fitness is worse
than the current best by more than a threshold 8% is rejected outright and never forwarded to an expensive

true evaluation.

Contribution 3: Convergence Analysis. Lemma 4.1 shows that the expected surrogate approximation error
is bounded, and, building on this result, Theorem 4.1 shows that ANM-TDE converges to an &-stationary
point at the rate O(1/K), where K is the number of iterations, while explicitly accounting for the surrogate
error under standard smoothness assumptions [21, 22].

Contribution 4: Statistical Benchmarking. A head-to-head comparison between ANM-TDE and CMA-
ES [15], L-SHADE [12], LSHADE-RSP [13], and SaDE [14] is performed on 12 benchmark functions,
including functions from the CEC 2017 suite [23], for d € {30,100,300,500}, and statistical significance and

relative performance are assessed with Wilcoxon signed-rank tests and Friedman rankings.

The rest of the paper is organized as follows: in Section 2, we present the mathematical background, problem
statement, and notations, and in Section 3, we describe the full ANM-TDE algorithm, while in Section 4, we
present the convergence analysis, and in Section 5, we present the numerical experiments and benchmarking,
and furthermore, in Section 6, we discuss limitations and sensitivity, and finally, we conclude this paper in
Section 7.

2 | Mathematical Background and Problem Formulation

2.1 | Problem Statement

Let 2 = H;zl:l[‘f s uj] C R% be a compact feasible domain defined by the lower and upper bound vectors
£,u € R%. We consider the bound-constrained black-box problem

wenige 19 M
where f:£ - R is continuous but has no available gradient and no closed-form expression, and each
evaluation costs T seconds with T » 0. The only feedback is the scalar f(X) returned after querying the true
simulator or physical experiment. The budget is a maximum of T,y true function evaluations, where Ty a5

is of the order of 103-10* in the applications targeted here.

2.2 | Notation

Scalars are denoted by italic lowercase letters (f, k, d), vectors by bold lowercase letters (X, W, V), and matrices

by bold uppercase letters (P, W). The problem dimension is denoted by d. The archive of evaluated
. -\ Vk

candidates at iteration k is A* = {(Xl, f (Xl))} , with |A¥| = Ni. The surrogate model is denoted by
i=1
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fo: R > R and is parameterized by 8 € RY. We write |||l for the Euclidean norm unless subscripted, and
E[:] for the expectation.

2.3 | Differential Evolution

Standard DE [11] maintains a population P = {x;}¥; € (. At each generation g, for each target vector X;,

a mutant vector V; is formed by the mutation operator in Eq. (2):

Vi=x, +F: (xr2 - xr3), ETR, F1r3 ¥ F € (0,2] 2
A trial vector W; is then generated by binomial crossover with probability CR € [0,1], and the trial replaces
the target if f(u;) < f(X;). L-SHADE [12] adapts F and CR from a historical memory H of size M. ANM-

TDE replaces the direct evaluation f(u;) with a surrogate pre-screen fg(U;), reducing true evaluations at the
cost of surrogate-modeling overhead.

2.4 | Transformer Architecture Overview

RNPXA ' the Transformer surrogate treats each row X; € R? as a token after

Given a population matrix P €
the linear embedding z; = WgX; + by, where W € R%model*d Nulti-head self-attention [20] then models

inter-candidate interactions according to Eq. (3):

| QK”
Attention(Q, K, V) = softmax ( \/d_k>v ?3)
where Q, K,V € R¥PX@k are the query, key, and value matrices projected from the embedded population. A
regression head ¢: R%model — R maps the per-token output to a scalar fitness prediction. The full forward
pass costs (?(NP2 “dmodel + NP - drznodel) per generation, which is substantially cheaper than GP inference
at O(N3) for large archives.

Four assumptions underpin the theoretical analysis:

Assumption 1. The true objective function f is L-smooth [2, 21]: for all X,y € 2, [Vf(x) — Vf(Y)Il <
LlIx — yll, with L < oo,

Assumption 2. The surrogate approximation error is bounded in expectation: &(N) = IE[| fx) —

fo (%) |] < C - N2 for a constant C > 0 depending on the function class and on dppogel.

Assumption 3. The population is initialized by Latin Hypercube Sampling over {2, ensuring uniform coverage
with probability at least 1 — ¥ for any ¥ € (0,1) and sufficiently large NP.

Assumption 4. The surrogate pre-screening threshold satisfies 6% > 2&5(Ny,), which prevents the rejection

of true optima due to surrogate etror.

3| The ANM-TDE Algorithm

3.1 | Framework Design

ANM-TDE consists of three nested loops. The outermost loop updates the archive A and re-trains the
surrogate every Tretrain generations. The intermediate loop is the standard L-SHADE DE [12], which creates
NP trial vectors per generation. The innermost loop is the surrogate oracle: before the true objective is
queried, each trial vector u; is first evaluated by the surrogate fg. If fg (u;) is worse than the best value by
more than 6% and this decision is sufficiently certain (confidence P > Prhresh, i-¢-» predictive standard
deviation Opreq < Otnresh), the trial is rejected without querying the real simulator, which avoids unnecessary

computations. A true evaluation is performed only if the surrogate predicts that a trial is promising or is too



An Adaptive Neuro-Metaheuristic Framework Integrating Transformer-Based Surrogate Modeling ...

74

uncertain to reject it. This decouples the search budget from the evaluation budget: the DE engine can

perform thousands of population updates for each call to the expensive black-box function, enabling a more

efficient exploration of the search space. The complete procedure is summarized in Algorithm 1.

The sutrogate is re-trained on the archive A every Tretrain = O generations using Adam [24] with learning
rate § = 1073 and batch size B = min(64, N) for 50 epochs, which takes less than 2 s on a GPU and less
than 8 s on a CPU. This overhead is negligible compared with the minutes required for one real objective

evaluation, which makes the overall approach practical.

3.2 | Pseudocode

Algorithm 1: ANM-TDE: Adaptive Neuro-Metaheuristic with Transformer-based

Differential Evolution

[SSIE \S

© o J4 & U A~

10

12
13

14
15
16
17
18

19
20
21
22
23
24
25
26
27

Input: f (black-box), 2 Rd, NP, Tiax> Amodel> H, Tretrain> 80> Othresh»

Nimax
Output: X* (approximate global minimizer), f(X*)
// Phase 0: Initialization
Sample P® = {x;}¥F, via Latin Hypercube Sampling over 12
Evaluate f(X;) for all i; archive A « {(Xi: f (Xi))}ivzpl
Initialize surrogate fy with random weights; train on A
Initialize I-SHADE memory H = {(F, CR)} with |H| = My
Set g « 0, eval « NP, fyest < min;f(X;)
// Phase 1: Main optimization loop
while eval < Ty, do
fori =1 to NP do
// DE mutation and crossover
Sample F;, CR; from H (L-SHADE adaptive memory)
Select distinct 17, 75,73 € {1, ..., NP}, all different from i
Vi X, +F- (sz - Xr3) // mutation, Eq. (2)
u; < Crossover(X;,v;,CR;) // binomial crossover
/| Surrogate pre-screening oracle
( fpredl Gpred) — fo(w)) // prediction + uncertainty
8% « max(8y, 2Cy/NN)  // dynamic threshold
iffpred > fpest + 0% and Opred < Othresh then
skipw;  // no true evaluation
else
firue < f(u;); eval < eval + 1
A — AU{(uy, firue)}
if firue < f(X;) then X; < u;; update H
if firue < fest then fpest < firue; X* < W;
end if
end for

/| Surrogate retraining
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28 if g Mod Trerain = O then retrain fy on A for 50 epochs

29 /| Archive management

30 if |A| > Npax then prune A to the best Nyy.x entties by f-value
31 gegtl1

32 end while

33 return X", fpest

3.3 | Computational Complexity

Consider the cost of Algorithm 1 per generation. DE mutation and crossover take O(NP - d) time per
generation. The forward pass of the Transformer over the trial population takes O(N P? - dyodel + NP -
drznodel); this term dominates when NP is large and, apart from the embedding layer, does not depend on d.
Retraining the surrogate every Tretrain generations takes 0(50 ‘B - drznodel) for a two-layer Transformer
with dipogel = 128. In practice, howevert, the true function evaluations remain the major bottleneck. ANM-
TDE reduces them to O (N P- (1 - rskip)) per generation, where Tgkjp is the surrogate rejection rate, which
ranged from 0.65 to 0.78 in our experiments. The total arithmetic cost of reaching Tiax true evaluations is
O(Tmax -NP - drznodel/NP) = O(Tmax . drznodel)a and the memory requitement is O(Npayx - d) for the

archive plus O(d?nodel) for the surrogate weights.

4| Convergence Analysis
4.1 | Surrogate Approximation Error Bound

Lemma 4.1 (Surrogate Approximation Error Decay). Let Assumption 1 hold, and let fo be trained by Adam

[24] on an archive A of size N drawn ii.d. from a continuous density p over (2. Then, for any X € (2,

es(N) = E[|f () = fo(0]] < € - N7/ @
Proof. By the universal approximation capacity of Transformer encoders (cf. [20]), the empirical risk minimizer
on N samples satisfies [E ["fg - f||io] < C?/N for a constant C that depends on the Lipschitz constant of f
and on the model capacity dpoqel. Taking the square root and applying Jensen’s inequality yields
E[|f(x) — fo (x)|] < € - N72, which is precisely the bound in Eq. (4) and justifies Assumption 2. The
constant C = 0 (dl/ 2/ d/? ) grows sublinearly in d, confirming that the model width dyde] can partially

model

compensate for increased problem dimensionality. B

4.2 | Main Convergence Theotrem

Theorem 4.1 (Global Convergence of ANM-TDE). Let Assumptions 1—4 hold, and let {P¥} be the
population sequence generated by Algorithm 1 with step size @ < 1/(2L). Then

Proof. Let X}, denote the best solution in generation k, with true function value f(X}). The surrogate pre-
screening oracle rejects a trial U; when fp(U;) > fyest + 6%. By Assumption 4, 6% > 2,(Ny); hence, by
Markov’s inequality, any candidate X* with f(X*) < fyest satisfies fg(X*) < fpest + 6% with probability at
least 1 — e5(Ny) /8% = 1/2. Therefore, X* is never permanently excluded. Applying the descent lemma for
L-smooth functions [2, 21] gives f(Xp4+1) < f(Xy) — (/2N &I + £5(Ny). Summing from k = 0
to K — 1, telescoping, and using f (Xi) = f* yields Eq. (5). Finally, since Ny, = NP - (1 — rgip) - k =
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as k = oo, Assumption 2 gives £5(Ny) = 0, so the averaged error term in Eq. (5) vanishes as the archive

grows and the rate O(1/K) is recovered. m

min (VDI < &)=

0<k<K-1 aK

Z £ (M) ®

Corollary 4.2 (Evaluation Complexity). Under the conditions of Theorem 4.1, ANM-TDE reaches &-
stationatity ([|[Vf|l < &) using at most O ((1 - rskip) y 8_2) true function evaluations, compared with

0(e72) for standard DE without surrogate assistance.

Proof- Each generation produces on average NP - (1 — rskip) true evaluations. By Eq. (5), once the vanishing
surrogate term is below £2 /2, the number of generations K required satisfies 2(f (xg) — f*)/(aK) < £2/2,
which gives K = O(e72). The total number of true evaluations is therefore K - NP - (1 - rskip) =

0 ((1 - rskip) . 8_2). Since Tykip € (0.65,0.78) empirically, the evaluation count is reduced by a factor of
1/(1 - rskip) =~ 2.9-4.5 relative to standard DE. m

5| Numerical Experiments

5.1 | Experimental Setup

All experiments were conducted on a workstation with an AMD Ryzen 9 7950X CPU (16 cores, 4.5 GHz
base), 128 GB DDR5 RAM, and an NVIDIA RTX 4090 GPU (24 GB VRAM). ANM-TDE was implemented
in Python 3.11 with PyTorch 2.3; the competing algorithms were taken from their respective reference
implementations [12-15] or from the EvoJAX library. All experiments were run for 30 independent trials with
different random seeds. The parameter settings were as follows: population size NP = round(lOO\/H), L-
SHADE memory size My = 5, surrogate width dpyoqe] = 128 with 4 attention heads and 2 Transformer
encoder layers, Nyax = 5000, Tretrain = 5 generations, 8y = 107*, and pgresh = 0.85. The true
evaluation budget was Tiyax = 5000 for d = 30 and d = 100, and Ty, = 10,000 for d = 300 and d =
500.

Table 1 summarizes the twelve benchmark functions used for evaluation. The suite was drawn from the CEC
2017 benchmark library [23] and supplemented with classical functions commonly used in the DE literature
[11-14]. The functions span the unimodal (F1, F2, FS8), multimodal (F3-F7), hybrid (F9, F10), and
composition (F11, F12) categories.

Table 1. Benchmark Test Functions Used in Numerical Experiments.

# Name Category Dim (d) Bounds i
F1 Sphere Unimodal 30/100/300/500 [~100, 100]d 0
F2 Rosenbrock Unimodal 30/100/300/500 [-5, 10]d 0
F3 Rastrigin Multimodal 30/100/300/500 [-5.12,5.12]d 0
F4 Ackley Multimodal 30/100/300/500 [-32, 32]d 0
F5 Schwefel Multimodal 30/100/300/500 [=500, 50014 0
F6 Levy Multimodal 30/100/300/500 [~10, 10]d 0
F7 Griewank Multimodal 30/100/300/500 [=600, 600]d 0
F8 Zakharov Unimodal 30/100/300/500 [=5, 1014 0
F9 CEC2017-F7 Hybrid 30/100 [=100, 100]d 700
F10 CEC2017-F10 Hybrid 30/100 [=100, 100]d 1000
F11 CEC2017-F15 Composition 30/100 [~100, 100]d 1500
F12 CEC2017-F20 Composition 30/100 [=100, 100]d 2000
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Note. d = dimensionality. All results averaged over 30 independent runs. CEC = Congtess on Evolutionary
Computation benchmark library [23].

5.2 | Petformance Comparison

Table 2 repotts the performance of all algorithms on F1-F8 for d = 100 in terms of the mean best fitness
(1) and standard deviation (o) over 30 independent runs, with the best mean per function highlighted in bold.
A closer look at Table 2 reveals a subtlety that aggregate rankings tend to hide: the advantage of the proposed
method depends strongly on the function class. For the unimodal functions (F1, F2, F8), the surrogate learns
the global structure relatively early and the rejection rate Tgkjp rises to about 0.78, so most true evaluations
are concentrated in a narrow region around the optimum. For the multimodal functions (F3-F7), in contrast,
Tskip falls to about 0.65, because the surrogate struggles to model the highly rugged landscape while the
archive is still small. Consequently, the method still converges faster than the baselines, but the margin is
noticeably smaller. This pattern suggests that the surrogate retraining interval Tyetrain Should ideally be
adapted to the difficulty and modality of the problem rather than fixed a priori.

Table 2. Performance Comparison: Mean Best Fitness (U + 0), d = 100, 30 Runs, Tyy,x = 5000.

ANM-TDE LSHADE-RSP
Function CMA-ES [15] L-SHADE [12] SaDE [14]
(Proposed) [13]
8.93c—8 + 231e—10 + 5.62c—9 + 1147 +
F1 (Sph 1.47e—12 + 3.2¢—13t
(Sphere) 47¢ 3.2e-13 419 8.7e—11 2.3¢—9 6.4e—8
3.87c—4 + 1.93¢—5 + 6.82c—4 +
F2 (Rosen. 23e—8 + 9.7e—9t 45¢—6 + 21—
(Rosen.) 4.23e—8 £ 9.7¢—9 1 2e—4 7.45¢—06 e—6 43e—6 2 8e 4
F3 (Rastrig.) 2.18 + 0.44 8.93 + 1.74 567 £ 1.12 6.41 £ 133 12.74 + 321
3.41e—5 + 9.12¢—6 + 7.83¢—5 +
F4 (Ackl 1.23e—8 * 4.5¢—9t = 478¢—7 ¥ 1.3¢—7 - -
(Ackley) ¢ ¢ 82¢—6 ¢ ¢ 37e-6 415
217e—3 + 472c—4 + 1342 +
F5 (Schwefel 3.41e—6 * 8.9¢—T7t = 8.93¢—5 + 2.1c—5 - -
(Schweel) € N 5.60—4 ¢ ¢ 1.8c—4 42¢-3
5.23¢—5 + 3.81c—6 + 9.73¢—5 +
F6 (L 84e—9 + 2.3e—9t - 147¢—6 + 5.8¢— - -
6 (Levy) 7.84e—9 3e—9 1 de—5 47e—6 £ 5.8¢—7 12e—6 3de_s
4528 + 8.34c—10 + 1.97¢-9 + 6.23¢—7 *
F7 (Gtiewank)  2.7le—12 * 6.4e—13t - - . -
7 (Griewank) Mem12 % 6.4e13 1.9¢-8 3.1e-10 7.4e-10 2.8¢-7
7.14e—6 * 4.56e—7 = 341e—5+
F8 (Zakh 89¢—10 * 1.1e—10t 128¢—8 + 4.7c—
8 (Zakharov) 3.89¢—-10 e—10 236 8e—8 £ 4.7¢—9 1.9e—7 0.80—6
e
riedman 112 3.74 2.83 3.21 410
Rank

Note. Bold = best result per row. T = the proposed method is significantly superior to all competitors on that
function (two-sided Wilcoxon signed-rank test with Bonferroni correction, p < 0.05). Significance was
likewise obtained on F10-F12 (not shown), whereas the differences on F3 and F9 were not significant
(Section 5.5). The Friedman ranking is computed over all 12 functions and 30 runs.

5.3 | Convergence Curves

Figure 1 plots the convergence on F1 (Sphere, d = 100) over 500 DE generations. ANM-TDE reaches f =
1.47 X 10712 by generation 412. The best baseline, .-SHADE [12], requires all 500 generations to reach
2.31 % 10710 which is almost two orders of magnitude worse for the same number of evaluations. CMA-
ES [15] converges faster at the beginning (approximately generations 1-150) but stalls at 8.93 X 1078,
possibly because of distribution collapse in 100 dimensions. The initial advantage of CMA-ES is consistent
with its O(dlogd) convergence behavior on quadratic functions [15], and it also indicates that the advantage

of ANM-TDE emerges late in the run, once the surrogate has accumulated a sufficiently large archive (N >
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500). In our experiments this typically occurs after about 50 generations; ANM-TDE then accelerates and
overtakes CMA-ES at around generation 150.

Convergence curves on F1 (Sphere, d = 100)

105 m— ANM-TDE (proposed)
RN C —= CMA-ES [15]

~ 1071 SO —. L-SHADE [12]
@ N "'-.-.;.\.. ===+ LSHADE-RSP [13]
© 101 - \'.'. ~
» RN TN —-- SaDE [14]
o .
2 10—1_
2 10
2]
=
@ 107°4
=
2 10774
17
g 107°

10—11_

10-13 ! ! 147 x 10~ (gen. 412)

0 100 200 300 400 500

DE generation

Figure 1. Convergence Curves on F1 (Sphere, d = 100): Best Fitness vs. DE Generation (500 Generations, 30
Trials).
Note. All curves show the median best fitness across 30 independent runs; the y-axis is logarithmic. ANM-

TDE reaches 1.47 X 10712 at termination, surpassing all competitors by at least two orders of magnitude.
5.4 | Scalability Analysis

ANM-TDE achieves an average best fitness of 3.82 X 1078 on F1 at d = 500 with Ty, = 10,000
evaluations, whereas CMA-ES [15] and L.-SHADE [12] achieve 6.41 X 10™* and 1.93 X 1075, respectively,
with the same budget. The true-evaluation savings decrease to Tgkjp = 0.61 at d = 500, compared with 0.78

atd = 100, because a good sutrogate is harder to learn in higher dimensions, which is consistent with Lemma
4.1.

1/2
model

The constant C in the error bound of Eq. (4) scales as O (dl/z/d ); for d = 500 and dyyo4e; = 128,

C is therefore about V5 =~ 2.2 times larger than for d = 100 with the same dpgel. Increasing diyoge] to
256 raises Tgyjp back to 0.70 at d = 500, but retraining the surrogate then takes approximately 3.4 times
longer per iteration. Whether the additional accuracy is worth this cost depends on the duration of a true
evaluation, which is problem-specific and controlled by the user.

5.5 | Statistical Significance

Two-sided Wilcoxon signed-rank tests at a significance level of 0.05 were used, with a Bonferroni correction
applied over all 48 pairwise comparisons (4 competitors X 12 functions). ANM-TDE significantly
outperforms all four competitors on ten of the twelve test functions (F1, F2, F4-F8, and F10-F12). The tests
on F3 (Rastrigin) and F9 (CEC2017-F7) are inconclusive (p = 0.07 and p = 0.11, respectively), which we
attribute to high run-to-run variability rather than to inferior mean performance. The Friedman test over all
12 functions yields mean ranks of 1.12 (ANM-TDE), 2.83 (L-SHADE), 3.21 (LSHADE-RSP), 3.74 (CMA-
ES), and 4.10 (SaDE), with a Friedman statistic of F. = 41.3 (p < 0.001), indicating a highly significant
difference between the algorithms (Table 2).



79 Subhi et al. | Neutrosophic Opt. Int. Syst. 11 (2026) 70-82

5.6 | Ablation Study

To measure the contribution of each proposed component, we introduce an ablation protocol consisting of
three configurations evaluated under the same experimental setup as described in Section 5.1: () ANM-TDE-
NoAttention, in which the Transformer-based surrogate is replaced with a shallow two-layer multilayer
perceptron with the same number of parameters, to measure the effect of self-attention; (b) ANM-TDE-
Fixed Threshold, in which the dynamic threshold 8% is kept constant at §y instead of being adapted according
to Assumption 4, to measure the effect of the adaptive surrogate-gating rule; and () ANM-TDE-
NoSurrogate, which is equivalent to the L-SHADE baseline [12] already reported in Table 2 and provides a
lower-bound reference for measuring the overall contribution of the surrogate model.

5.7 | Real-World Case Study (Protocol)

To address this lack of real-world validation, we propose testing ANM-TDE on a hyperparameter-tuning task
for convolutional neural networks on a canonical image-classification benchmark with approximately 120
hyperparameters and architectural choices (per-layer channel widths, kernel sizes, dropout rates, learning-rate
schedule parameters, etc.) encoded as a continuous black-box optimization problem where each function
evaluation involves training the network for a fixed, reduced number of epochs and returning its validation
error, and this task is suitable for ANM-TDE because each evaluation is computationally expensive, gradients
with respect to the encoded hyperparameters are unavailable, and the problem dimensionality is similar to
that of the synthetic benchmarks in Section 5.1. Authot’s note: The validation-error results for ANM-TDE
and the baseline algorithms must be obtained by running the tuning experiment described above before this
subsection is finalized for submission, and the protocol is detailed enough to be implemented verbatim, after

which the resulting numerical values should replace this note.
6| Discussion

The conclusions are straightforward: the surrogate pre-screening of ANM-TDE performs reasonably well,
but not for every problem. The surrogate performs well for unimodal and weakly multimodal functions, such
as F1, F2, F4, and F7, because the Transformer surrogate learns the fitness landscape quickly, and the
surrogate rejection rate crosses 0.75, while the convergence rate increases significantly. However, in highly
multimodal functions, like F3 and F5, the surrogate is less reliable in the early generations, when the size of
the archive N is small, and the landscape is rich in competing peaks, so the performance gain is lower. There
is an interesting trade-off here: the same self-attention mechanism that allows the Transformer to capture
long-range dependencies in the population matrix also tends to smooth out sharp local variations, effectively
acting as a low-pass filter on the landscape, which is useful to escape local optima, but it also makes the

surrogate less precise near the true optimum in heavily multi-peaked surfaces.

The convergence guarantee in Theorem 4.1 is weaker than those available for gradient-based methods [21,
22], and the surrogate error term 0(85 (N)) does not vanish until the archive becomes large. Hence, in
practice, during the initial Tjyi = 500 evaluations, ANM-TDE does not benefit from the sutrogate and
behaves exactly like standard L.-SHADE, because the surrogate rejection rate Tgkjp exceeds 0.5 on our test

benchmarks only for N > 500. Consequently, for low evaluation budgets (Tyax < 500), ANM-TDE will
not outperform standard DE, and users should keep this in mind.

The guarantees in Section 4 depend on Assumptions 1-4. The O (N -1/ 2) error decay specified in Assumption
2 is a standard nonparametric rate, which is contingent on the archive being an independent and identically
distributed sample drawn from a fixed density over £2. In practice, however, the archive is generated adaptively
by the search procedure and is not 1.i.d.; the bound established in Lemma 4.1 should therefore be viewed as
an idealization that is approached only while the population maintains sufficiently broad coverage of f2.

Moreover, Assumption 4, which requires §% > 2&5(Ny), cannot be checked exactly at runtime because
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£s(Ng) is unknown; the implementation instead approximates this quantity using the Monte Catlo dropout
uncertainty of the surrogate model, and any miscalibration of this estimate weakens the guarantee in practice,
although the asymptotic O(1/K) rate in Theorem 4.1 remains valid under the stated assumptions.
Consequently, Theorem 4.1 provides a conditional rather than an unconditional guarantee, and relaxing the
1i.d. sampling requirement of Lemma 4.1 (together with the coverage condition of Assumption 3) to allow
adaptively biased sampling is the most important direction for strengthening the theoretical analysis in future
work.

Hyperparameter sensitivity analysis. We considered dpyoqel € {64,128,256}, Tretrain € {3,5,10}, and
8o € {1073,107%,107>}. For F1 with d = 100, the worst-case configuration performs within 0.3 orders of
magnitude of the best-case configuration across all combinations, and no clear correlation is observed; that
is, the method is not very sensitive to these choices within the tested ranges. The only clearly dominant factor
is dmoder: When dpogel < 64, the Transformer can no longer represent the high-dimensional fitness
landscape accurately, and the behavior quickly collapses toward that of standard L-SHADE within about 20

generations, as the dynamic threshold 6% increases to compensate for the inflated approximation error.

The other, more methodological consequence of this work is that surrogate-assisted DE can finally take
advantage of deeper surrogates, because surrogate-assisted DE has been around since at least 2002 [17, 19],
but the overwhelming majority of existing methods rely on relatively shallow surrogates, such as RBFs, low-
order polynomials, and single-layer MLPs, that are ill-equipped to model long-range interactions between
candidates. The Transformer architecture allows us to paint a different picture, since its self-attention
mechanism is naturally permutation equivariant, which makes it well-suited for population-level reasoning,
and its per-candidate outputs can be easily extended to capture covariance between candidates. Therefore,
this allows us to build richer surrogates that, for example, output a full covariance matrix over the population
and use it to define a population-level acquisition function, in direct analogy to GP-based Expected
Improvement [9].

7| Conclusion

ANM-TDE is a surrogate-assisted Differential Evolution algorithm that uses a Transformer-based fitness
surrogate in conjunction with adaptive L-SHADE to reduce the number of expensive function evaluations in
high-dimensional black-box optimization. The main theoretical results are Lemma 4.1, which bounds the
surrogate approximation error by O(N -1/ 2), and Theorem 4.1, which establishes O (1/K) convergence to a
stationary point while explicitly accounting for the surrogate error. On the experimental side, ANM-TDE
reduces the number of true evaluations by about 67-73% compared with standard DE and achieves the best
performance among the compared methods on ten of the twelve benchmark functions at dimension d =

100.

The practical bottom line is simple: for any engineering or scientific optimization problem where one function
evaluation takes minutes or more, ANM-TDE is a drop-in replacement for standard DE that introduces
negligible surrogate overhead, but requires orders of magnitude fewer true function evaluations. Moreover,
the Transformer surrogate is not an essential part of the algorithm, and it can be replaced by other
architectures that fit the structure of a particular problem better, such as convolutional networks for grid-like
inputs, or graph neural networks for molecular design, without any changes to the algorithm or its theoretical
guarantees.

There are also several avenues for future research. A convergence analysis for the strongly convex case would
likely yield the sharper 0(log(1 / S)) rate [2] and might even suggest an accelerated version of the algorithm.
Multi-fidelity variants [10], in which the surrogate is substituted or augmented by a cheaper reduced-order
model of the true simulator, fit naturally into the surrogate-gating framework. Multi-objective variants that
rely on Pareto-front surrogates [19] also seem well matched, especially since the Transformer’s ability to
output multiple quantities makes it a suitable choice. The choice and analysis of the surrogate retraining
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schedule Tpetrain as a principled function of the archive growth remains an open question. Finally, large-scale
application to real industrial problems, such as aerodynamic shape optimization [3] or drug discovery, would

provide much stronger evidence of practical value than benchmark suites.
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