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Abstract

Graph theory, a branch of mathematics, studies relationships between entities using vertices and edges.
In this field, Uncertain Graph Theory has emerged to capture the uncertainties inherent in real-world
networks. While Turiyam Neutrosophic and Plithogenic Graphs are established within uncertain graph
theory, concepts such as Line Graphs, Star Graphs, and Regular Graphs have not been extensively
explored in these frameworks. This paper seeks to fill this gap by introducing and developing the concepts
of Line Graph, Star Graph, and Regular Graph specifically within the contexts of Turiyam Neutrosophic
and Plithogenic Graphs.

Keywords: Neutrosophic graph, Fuzzy graph, Plithogenic graph, Turiyam Neutrosophic Graph, Graph
Class

1| Introduction

1.1 | Graph Theory and Graph classes

Graph theory is a mathematical discipline studying structures called graphs, consisting of vertices (nodes)
and edges (links) representing various relationships [1]. Many graph classes[2] have been defined in graph
theory, including Unit Disk Graphs [3], Planar Graphs [4], and OuterPlanar Graphs [5]. These classes have
well-established mathematical properties and applications. This paper focuses on three specific graph classes:
Line Graphs, Star Graphs, and Regular Graphs.

A Line Graph is a graph where each vertex represents an edge of the original graph, with edges connecting
vertices that share common endpoints [6]. A Star Graph is a tree structure with one central vertex connected to
multiple peripheral vertices, forming a star-like shape [7]. A Regular Graph is characterized by uniform vertex
degrees, where each vertex has the same number of adjacent edges [8].
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1.2 | Uncertain Graph Theory

This paper explores different models of uncertain graphs, such as Fuzzy[9], Intuitionistic Fuzzy[10], Neutro-
sophic[11], Turiyam Neutrosophic[12], and Plithogenic Graphs[13]. These models expand classical graph theory
by incorporating various levels of uncertainty, making it easier to analyze complex and ambiguous relationships.
Uncertain graph models have numerous real-world applications, which has led to the creation of many related
graph classes [14]. Fundamental concepts like Fuzzy Sets and Neutrosophic Sets serve as the basis for these
models and are widely covered in the literature [15].

Well-studied uncertain graph class concepts in this field include Line Graph, Star Graph, and Regular Graph.
Notable variations are Fuzzy Line Graph [16], Fuzzy Star Graph [17], Fuzzy Regular Graph, Intuitionistic Fuzzy
Line Graph [18], Neutrosophic Line Graph [19, 20], Neutrosophic Star Graph [21], and Neutrosophic Regular
Graph [22]. Given the extensive literature and diverse applications, the study of uncertain graphs is highly
significant. For a more detailed understanding, readers are encouraged to consult the existing survey papers [23].

1.3 | Our Contribution in This Paper

This Section outlines the importance of studying uncertain graphs and their various classes, which hold significance
in both pure and applied mathematics. While Turiyam Neutrosophic and Plithogenic Graphs are known within
the field of uncertain graph theory, concepts like Line Graphs, Star Graphs, and Regular Graphs remain relatively
unexplored in these frameworks. This paper aims to address this gap by introducing and developing the concepts
of Line Graph, Star Graph, and Regular Graph specifically within the contexts of Turiyam Neutrosophic and
Plithogenic Graphs *. ?

2 | Preliminaries

This section provides an overview of the fundamental definitions and notations used throughout the paper. For
a more detailed explanation of graph-theoretic notions and notation, see [25]. Note that in this paper, we use
finite, undirected, and simple graphs.

2.1 | Uncertain Graph

This paper addresses Fuzzy, Intuitionistic Fuzzy, Neutrosophic, Turiyam Neutrosophic, and Plithogenic concepts.
Note that Turiyam Neutrosophic Set is actually a particular case of the Quadruple Neutrosophic Set, by replacing
”Contradiction” with ”Liberal” [26].

Definition 1 (Crisp Graph). (cf.[27]) A crisp graph is an ordered pair G = (V, E), where:
e Vis a finite, non-empty set of vertices.
e F CV xVis a set of edges, where each edge is an unordered pair of distinct vertices.
Formally, for any edge (u,v) € E, the following holds:
(u,v) EE <= u#v and w,veV

This implies that there are no loops (i.e., no edges of the form (v,v)) and edges represent binary relationships
between distinct vertices.

Example 2 (Crisp Graph). Consider the crisp graph G = (V, E) defined as follows:
V={A,B,C,D}, E={(AB),(B,C),(C,D), (A D)}.

Here, Vis the set of vertices:
V ={A,B,C, D},

!Turiyam Neutrosophic Graphs extend the traditional graph framework by incorporating four distinct membership values—truth,
indeterminacy, falsity, and liberal state—for each vertex and edge. This approach enables a more nuanced representation of complex
relationships [23].

2A Plithogenic Graph generalizes traditional graphs by incorporating multiple attributes and degrees of appurtenance, contradiction,
and uncertainty for vertices and edges [24].
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and E is the set of edges, each an unordered pair of distinct vertices. For instance, (A4, B) indicates a connection
between vertices A and B. By definition, there are no loops, so no pair of the form (A, A) exists.

This crisp graph can represent, for example, a simple network of four computers A, B, C, D connected by physical
links (A, B),(B,(C),(C, D), (A, D). Each edge signifies a direct communication path between the corresponding
computers.

Definition 3 (Unified Uncertain Graphs Framework). (cf.[14]) Let G = (V, E) be a classical graph with a set
of vertices V and a set of edges F. Depending on the type of graph, each vertex v € Vand edge e € FE is assigned
membership values to represent various degrees of truth, indeterminacy, falsity, and other nuanced measures of
uncertainty.

(1) Fuzzy Graph [27, 28]:

e Each vertex v € V is assigned a membership degree o(v) € [0,1], representing the degree of
participation of v in the fuzzy graph.

e Each edge e = (u,v) € E is assigned a membership degree p(u,v) € [0, 1], representing the strength
of the connection between u and v.

(2) Intuitionistic Fuzzy Graph (IFG) [29]:

e Each vertex v € Vis assigned two values: u,(v) € [0,1] (degree of membership) and v4(v) € [0,1]
(degree of non-membership), such that 4 (v) + vy (v) < 1.

e Each edge e = (u,v) € E is assigned two values: pg(u,v) € [0,1] (degree of membership) and
vg(u,v) € [0,1] (degree of non-membership), such that pg(u,v) + vg(u,v) < 1.

(3) Neutrosophic Graph [30]:
e Each vertex v € Vis assigned a triple o(v) = (o4(v), 0;(v), 0p(v)), where:
— op(v) € [0,1] is the truth-membership degree,
(v)
(

7l

o;(v) € [0,1] is the indeterminacy-membership degree,
— op(v) € [0,1] is the falsity-membership degree,
— op(v) + o (v) + op(v) < 3.

e Each edge e = (u,v) € E is assigned a triple p(e) = (up(e), ur(e), pp(e)), representing the truth,
indeterminacy, and falsity degrees for the connection between u and v.

(4) Turiyam Neutrosophic Graph [12]:
e Each vertex v € Vis assigned a quadruple o(v) = (t(v), iv(v), fv(v),lv(v)), where:
— t(v) € [0,1] is the truth value,

iv(v) € [0,1] is the indeterminacy value,

fo(v) € ]0,1] is the falsity value,

lv(v) € [0,1] is the liberal state value,
t(v) + w(v) + fo(v) +lv(v) < 4.

e Each edge e = (u,v) € FE is similarly assigned a quadruple representing the same parameters for
the connection between u and v.

Example 4 (Fuzzy Graph in Project Management). Project Management coordinates resources, processes, and
teams to achieve objectives within strict constraints of scope, time, budget, and quality, efficiently. Consider a
project represented by a fuzzy graph Gp = (V, E, o0, u). Let the set of vertices represent project tasks:

V= {TlaT27T3aT4}7

where
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e T: Requirement Analysis,
e T): Design,
e T,: Implementation,
o T,: Testing.
Each task is assigned a membership degree indicating the confidence in its successful completion:
o(Ty) =09, o(T,)=08, o(Ty)=0.7 o(T,)=0.85.
Let the set of edges represent dependencies between tasks:
E={(1,Ty), (15, Ts), (15,1})}-
Each dependency is assigned a membership degree indicating the strength of the dependency:
w(Ty,Ty) =095, w(Ty,T5) =0.9, w(Ty,T,)=0.85.

This fuzzy graph models the uncertainties in task execution and dependency reliability, providing a framework
for effective project management.

Example 5 (Neutrosophic Graph in Social Network Analysis). Social Network Analysis investigates relationships
among individuals, groups, or entities to uncover patterns, interactions, influence, and community structures
within networks. Consider a social network modeled as a neutrosophic graph Gy = (V, E). Let the set of
vertices represent individuals:
V ={P, P, P3}.
Each individual P; is assigned a neutrosophic membership triple:
o(P;) = (op(F), 07(F;), op(F;)),
where:
o(P;)=(0.8,0.1,0.1), o(P,) =(0.6,0.2,0.2), o(P;)=(0.7,0.15, 0.15).
Let the set of edges represent interpersonal connections, with each edge e = (P;, Pj) assigned a neutrosophic
triple:

p(e) = (urle), pyle), pple)).
For instance, define:

w((Py, Py)) = (0.75, 0.15, 0.10),  pu((Py, Py)) = (0.65, 0.20, 0.15),  u((Py, P,)) = (0.80, 0.10, 0.10).

This neutrosophic graph captures the nuances of trust, uncertainty, and distrust in social relationships, offering
valuable insights into the dynamics of the network.

Definition 6 (Plithogenic Graph). (cf.[24]) Let G = (V, E) be a crisp graph where V'is the set of vertices and
E CV x Vis the set of edges. A Plithogenic Graph PG is defined as:

PG = (PM,PN)
where:
(1) Plithogenic Vertex Set PM = (M,l, Ml,adf,aCf):
e M C Vis the set of vertices.
e [ is an attribute associated with the vertices.
e M1 is the range of possible attribute values.
e adf: M x Ml — [0,1]° is the Degree of Appurtenance Function (DAF) for vertices.
e aCf: Ml x Ml — [0,1]" is the Degree of Contradiction Function (DCF) for vertices.
(2) Plithogenic Edge Set PN = (N, m, Nm,bdf,bC f):
e N C F is the set of edges.
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e m is an attribute associated with the edges.
e Nm is the range of possible attribute values.
o bdf: N x Nm — [0,1]° is the Degree of Appurtenance Function (DAF') for edges.
e bCf: Nm x Nm — [0, 1] is the Degree of Contradiction Function (DCF) for edges.
The Plithogenic Graph PG must satisfy the following conditions:
(1) Edge Appurtenance Constraint: For all (z,a), (y,b) € M x MI:
bd f((xy), (a,b)) < min{adf(z,a),ad f(y,b)}

where zy € N is an edge between vertices  and y, and (a,b) € Nm x Nm are the corresponding
attribute values.

(2) Contradiction Function Constraint: For all (a,b), (¢,d) € Nm x Nm:
bCf((a,b), (¢,d)) < min{aC f(a,c),aCf(b,d)}

(3) Reflezivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Va € Ml
aCf(a,b) = aCf(b,a), Va,b e Ml
bC f(a,a) =0, Ya € Nm
bCf(a,b) =bCf(b,a), Va,b € Nm

The General Plithogenic Graph is a relax definition of the Plithogenic Graph (cf.[23, 31]).
Definition 7 (General Plithogenic Graph). [23] Let G = (V, E) be a classical graph, where Vis a finite set of
vertices, and £ C V X Vis a set of edges.
A General Plithogenic Graph GE* = (PM, PN) consists of:
(1) General Plithogenic Vertex Set PM:
PM = (M,l,Ml,adf,aCf)
where:

o M C V. Set of vertices.

e [: Attribute associated with the vertices.

e MI: Range of possible attribute values.

e adf: M x Ml — [0,1]*: Degree of Appurtenance Function (DAF) for vertices.

e aCf: Ml x Ml — [0,1]": Degree of Contradiction Function (DCF) for vertices.

(2) General Plithogenic Edge Set PN:
PN = (N,m,Nm,bdf,bCf)
where:

e N C E: Set of edges.

e m: Attribute associated with the edges.

e Nm: Range of possible attribute values.

e bdf: N x Nm — [0,1]°: Degree of Appurtenance Function (DAF) for edges.

e bC'f: Nm x Nm — [0, 1]": Degree of Contradiction Function (DCF) for edges.

The General Plithogenic Graph GE* only needs to satisfy the following Reflezivity and Symmetry properties of
the Contradiction Functions:
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e Reflexivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Va € Ml
aCf(a,b) =aCf(b,a), Va,be Ml
bCf(a,a) =0, Va € Nm
bCf(a,b) =bCf(b,a), Va,b€ Nm

Example 8 (Real-life Example: Urban Transportation Network). An Urban Transportation Network comprises
interconnected roads, rails, and public transit systems facilitating efficient movement of people, goods, and
services [32]. Consider an urban transportation network modeled by a crisp graph

G = (V7 E)v
where the vertices represent intersections and the edges represent roads. Let

V= {v1702,v3,v4} and  E = {(vy,v,), (vg,v3), (v3,v4), (vg,v1)}

Plithogenic Graph:
We construct a Plithogenic Graph PG = (PM, PN) as follows.

Plithogenic Vertexr Set PM = (M,l, Ml,adf,aCf):

e Let M = V. Associate with each vertex an attribute [ representing Traffic Density with the range of
possible values
M1 = {Low, Medium, High}.
e Define the Degree of Appurtenance Function adf : M x Ml — [0,1] by, for example,
adf(vy,Low) = 0.8,
ad f (vy, Medium) = 0.6,
ad f(vq, High) = 0.7,
adf(vy, Medium) = 0.5.

e Define the Degree of Contradiction Function aC'f : M1 x M1 — [0, 1] by
aC f(Low, Medium) = 0.3,
aC f(Low, High) = 0.8,
aC f(Medium, High) = 0.5,
with aC'f(z,x) =0 for all z € Ml and aC f(x,y) = aC f(y, x).
Plithogenic Edge Set PN = (N, m, Nm,bd f,bC f):
e Let N = E. Associate with each edge an attribute m representing Road Quality with possible values
Nm = {Poor, Fair, Good}.

e Define the Degree of Appurtenance Function bdf : N x Nm — [0, 1] by, for instance,
bd f((vy,v5), Good) = 0.9,
bd f((vy,vs), Fair) = 0.7,
bd f((vs,v,), Good) = 0.8,
bd f((vy,vy), Fair) = 0.6.

e Define the Degree of Contradiction Function bC'f : Nm x Nm — [0,1] by
bC f(Poor, Fair) = 0.4,
bC f(Poor, Good) = 0.9,
bC f(Fair, Good) = 0.5,
with bC f(z,x) = 0 for all x € Nm and bC' f(z,y) = bC f(y, ).
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This Plithogenic Graph PG = (PM, PN) effectively models the uncertainties inherent in traffic density at
intersections and road quality on the network.

A General Plithogenic Graph GEF = (PM, PN) is constructed similarly but with relaxed constraints. Using
the same sets M, N, M, and Nm as above, we require only the reflexivity and symmetry of the contradiction
functions aC'f and bC f without enforcing the strict edge appurtenance constraint. This relaxation allows the
model to accommodate additional uncertainties, such as temporary road closures or dynamic traffic conditions,
thereby providing a more flexible framework for advanced traffic management systems.

2.2 | Uncertain Line Graph

The definitions of Fuzzy Line Graph and Neutrosophic Line Graph are provided below. These are extended
graph concepts based on the Classic Line Graph.

Definition 9 (Fuzzy line graph). [16] A fuzzy line graph FL, is a path with n vertices, of which exactly two
vertices are leaves. In F'L, , the vertices are denoted as uy, ug, ... , u,,, and the fuzzy degree of the edges is defined
as follows:

g :M(ui7ui+l)a for 1 SZS’H,*L

where p; > 0 represents the fuzzy connection between u; and wu,, .

Example 10 (Fuzzy line graph). Consider a fuzzy line graph F'L, with four vertices u,, uq, ug, u,. The edges
are (uy,us), (g, ug), (ug,uy), and their fuzzy degrees are given as follows:

wlug,ug) =08,  plug,ug) =06, p(ug,uy) =0.9.

The graph structure can be represented as:

0.8 0.6 0.9
Up — Uy — Uz — Uy.

Here, p1(u;, u,;,,) indicates the strength of the connection between consecutive vertices. The sum of all fuzzy
degrees gives a total "fuzzy weight” for the graph.
Definition 11 (Neutrosophic line graph). [19, 20] Let G = (X;,Y;) be a single-valued neutrosophic graph
(SVNG), where:

o Xy ={(z,Tx (), Ix (v), Fx (z)): 2 € V} is the single-valued neutrosophic vertex set.

o V) = {{zy, Ty, (zy), Iy, (zy), Fy, (zy)) : 7y € V x V} is the single-valued neutrosophic edge set, where
Ty, (zy), Iy, (zy), and Fy (zy) are the truth-membership, indeterminacy-membership, and falsity-
membership functions, respectively.

The neutrosophic line graph L(G) of G is defined as follows:
(1) The vertex set of L(G), denoted as X, is given by:
Xy = {(82, Tx, (5,), Ix,(5,), Fx, (5,)) = S, € 23,
where Z = {{z} U {u,,v,} :x € E,u,,v, € V,z =u,v,}, and for each vertex S, € X,:
TX2<Sx) = TY1 (2), IXZ(SQf) = Iyl (), FX2(SQC) = Fyl ().

(2) The edge set of L(G), denoted as Y, is given by:
Yy = {(5,5,, Ty, (5,5,), Iy, (5,5,), Fy,(5,5,)) : 5,5, € W},
where W = {55, : 5, NS, # 0,2,y € E,z # y}, and for each edge 5,5, € Y5:
TY2 (SxSy) = min{TY1 (z), Tyl ()},
IYQ(SISy> = max{Iyl (x)»fyl ()},
FY2 (sty) = maX{FYI (z), Fy1 ()}
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Example 12 (Neutrosophic line graph). Consider a single-valued neutrosophic graph G = (X;,Y;), where the
vertices and edges have the following neutrosophic attributes:

X; = {(v1,0.9,0.1,0.0), (vq,0.8,0.2,0.0), (vs,0.7,0.3,0.0) }.
Y; = {(eq,0.85,0.1,0.05), (e,,0.75,0.2,0.05) },
where e; = (vy,vy) and e, = (vy, v3). The neutrosophic line graph L(G) has the following vertices and edges:

X, = {(S,,,0.85,0.1,0.05), (S,,,0.75,0.2,0.05)}.
Y, = {(S,,S.,,0.75,0.2,0.05)}.

Here, the truth, indeterminacy, and falsity memberships of the edges in L(G) are derived based on the given
formulas for Ty, , Iy, , and Fy, .

2.3 | Uncertain Star Graph
The definitions of Star Graph, Fuzzy Star Graph [17], and Neutrosophic Star Graph[21] are presented below.

Definition 13 (Star graph). [7, 33] A star graph is a type of tree graph that has one central node (also called
the hub) and n peripheral nodes, where all the peripheral nodes are connected only to the central node.

e Formally, a star graph S, can be defined as a graph with a vertex set
V ={vg,v1,.,0,}
and an edge set

E={(vg,v;) : 1 <i <nj.

e The central node v, is connected to each of the peripheral nodes v; (for 1 < i < n), and there are no
edges between the peripheral nodes themselves.

Example 14 (Star graph). Consider a star graph S, with one central node v, and four peripheral nodes
Uy, Vg, U3, V. The vertex set and edge set are:

V= {UOa Uy, Vg, 1}371)4}’ E= {(Uovvl)v (v07 U2)7 (U07U3)’ (U07U4)}'

The graph has a tree-like structure with v, at the center connected to vy, vy, v5, and v,.
Definition 15 (Fuzzy star graph). [17] A fuzzy star graph FS,, consists of two sets of vertices, V = {v} and
U = {uy,uy,...,u,}, satisfying the following conditions:

e There exists a fuzzy edge between the central vertex v and each surrounding vertex u,;, with fuzzy degree
py = p(v,uy) >0 for 1 <i<n.

e There is no fuzzy edge between any two surrounding vertices, i.e., ,u(uj, uy) = 0, where 1 < j,k <n and
j#k.
Example 16 (Fuzzy star graph). Consider a fuzzy star graph F'S; with one central vertex v and three
surrounding vertices u;, us, u3. The fuzzy degrees of the edges are:
w(v,ug) =0.7,  plv,uy) =0.8,  p(v,ug) = 0.6.
The edge set is:
E={(v,uy), (v,uy), (v, US)}

No edges exist between the vertices u, uy, tg, i.e., p(uy, ug) = p(uy, ug) = pug, us) = 0.
Definition 17 (Neutrosophic star graph). [21] Let S,, = (V, E) be a neutrosophic star graph with:

o V ={vy,vq9,...,v,}, where v, is the central vertex.

o [/ = {ej =vv;:2< < n}, representing the edges connecting the central vertex v; to the other
peripheral vertices v; for j =2,...,n.

The neutrosophic star graph .S, is characterized by three membership functions:
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(1) Truth-membership function o : V — [0,1] and « : E — [0, 1].
(2) Indeterminacy-membership function p:V — [0,1] and 8 : E — [0,1].
(3) Falsity-membership function p:V — [0,1] and v : E — [0, 1].

The neutrosophic values for vertices and edges are defined as:

e For vertices vj, 1 < j<n:

an—(j+(n—1) (- _ )
R N N
o For edges e; = vjv;, 2 < j<n:
n—j n—Jj n—j
&) = 57 PO =g Y%= 3@

Example 18 (Neutrosophic star graph). Consider a neutrosophic star graph S; with three vertices v, vy, v,
where v, is the central vertex. The neutrosophic values for vertices and edges are as follows:

0'(’[)1) = 09> P(Ul) = 01, M(Ul) = 00,
o(vy) = 0.8, p(vy) =0.15,  p(vy) = 0.05,
o(v3) = 0.7, p(vg) =02, p(vg)=0.1.

For edges:
afe) =085, Bley) =0.1, ~(ey) =0.05, for ey = (vy,v,),

aley) =0.75, Bley) =0.2, v(ey) =0.05, for eq = (vq,v3).

The graph satisfies the neutrosophic membership conditions for vertices and edges.

2.4 | Uncertain Regular Graph
The definitions of Regular Graph, Regular Fuzzy Graph [34], and Regular Neutrosophic Graph[22] are presented

below.
Definition 19 (Regular graph). A regular graph is a graph in which every vertex has the same degree.

e Formally, a graph G = (V, E) is called k-regular if for every vertex v € V, the degree d(v) (i.e., the
number of edges incident to v) is equal to k.

e A k-reqular graph has a vertex set V and an edge set E, satisfying
d(v) =k, forallveV.

Example 20 (Regular graph). Consider a 3-regular graph G = (V, F) with the following structure:

V=A{v,v5,03,04},  E ={(v1,02), (v, v3), (v, v4), (g5 01), (v1,03), (vg,04) }-
Each vertex in this graph has exactly three edges incident to it. For example:
d(vy) =3, d(vy) =3, dvy) =3, d(vy)=3.
This graph satisfies the property of being 3-regular.

Definition 21 (Regular fuzzy graph). [34, 35] A regular fuzzy graph is a fuzzy graph G = (o, 1), where:
e 0:V —[0,1] is a fuzzy subset of the vertex set V.

e 1:V xV —0,1] is a symmetric fuzzy relation on o, defining the fuzzy degree of edges.
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The degree of a vertex u in G, denoted as d(u), is defined by:

de(u) =Y pluv) = 3 plu,v).

uFv uveE

A fuzzy graph G is called regular of degree k (or a k-regular fuzzy graph) if every vertex has the same degree k.
That is, for all u € V,

de(u) = k.

Equivalently, the minimum degree 6(G) and the mazimum degree A(G) of the fuzzy graph are both equal to k,
ie.,

Example 22 (Regular fuzzy graph). Consider a fuzzy graph G = (o, 1) with the following properties:
V={vy,v5,v3}, o(v)) =1, o(vy) =1, o(vg) =1,
w(vy,v9) = 0.5, p(vy,vg) =0.5, (v, vg) =0.5.
The degree of each vertex is:
de(v;) =05+05=1.0, dg(vy)=05+05=10, dg(vs)=05+0.5=1.0.
Thus, this fuzzy graph is a 1-regular fuzzy graph.
Definition 23 (Regular Neutrosophic Graph). [22] A Regular Neutrosophic Graph is a type of single-valued
neutrosophic graph (SVNG), defined by the following characteristics:
(1) Let G = (N, M) be an SVNG, where:
e N is the set of vertices with neutrosophic attributes represented by three membership functions:
— Truth-membership Ty : V — [0, 1],
— Indeterminacy-membership I : V — [0, 1],
— Falsity-membership Fy : V — [0, 1].
e M is the set of edges with neutrosophic attributes represented by three membership functions:
— Truth-membership Ty, : E — [0, 1],
— Indeterminacy-membership I, : E — [0, 1],
— Falsity-membership Fy;: E — [0, 1].

(2) A regular neutrosophic graph is defined such that for every node a € V, the sum of the truth, indeterminacy,
and falsity membership values of all edges incident to a is constant across the graph:

Z Tys(a,b) = Constant, Z I,,(a,b) = Constant, Z Fy,(a,b) = Constant
a#b a#b a#b
where (a,b) € F represents an edge in the graph.

(3) The degree of a mode a € V in a regular neutrosophic graph is given by the tuple d(a) =
(dp(a),d;(a), dp(a)), where:

dp(a) = Tyl(a,b), dila) = Iy(a,b), dela) = Fyla,b)
a#b a#+b a#b

The degrees dp(a), d;(a), and dp(a) represent the sum of the truth, indeterminacy, and falsity member-
ships of all edges incident to a, respectively.
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Example 24 (Regular neutrosophic graph). Consider a neutrosophic graph G = (V, E) with:
V ={v, 05,03}, E={(v1,03), (vg,03), (v1,03)}-

The neutrosophic membership values for edges are:

Ty(vy,v9) = 0.6, Ty(vy,vq) =04, Ty(vg,vq) =0.5,

I(vy,v9) = 0.3, In(vy,v3) =03, In(vg,vq) =04,

Fy(vy,v9) =01, Fyvy,vg) =03, Fy(vy,vg) =0.1.
The degree of v, is:

dp(v,) =06+04=1.0, d;(v;)=034+03=0.6, dp(v;)=0.1+0.3=0.4.

Similarly, the degrees of v, and v; are computed, and all are equal. Thus, G is a regular neutrosophic graph.

3 | Result in this paper: Some Graph Class

The results of this paper are presented below.

3.1 | Turiyam Neutrosophic Line Graph and General Plithogenic Line Graph
The definitions of Turiyam Neutrosophic Line Graph and General Plithogenic Line Graph, as well as their
relationships with other graph classes, are described below.
Definition 25 (Turiyam Neutrosophic Line Graph). Given a Turiyam Neutrosophic Graph G = (V, E), the
Turiyam Neutrosophic Line Graph L(G) is defined as follows:

o The vertex set V' of L(G) corresponds to the edge set E of G:

V' ={v,:e€ E}
e Two vertices v, and v, in V' are adjacent in L(G) if and only if the edges e; and e, in G are adjacent.
e The membership degrees of v, € V' are defined as:
o(v.) = p(e)

Example 26 (Real-life Example of a Turiyam Neutrosophic Line Graph: Railway Route). Consider a railway

transportation system where stations are vertices and tracks are edges. Uncertainty arises due to delays,
maintenance, or unpredictable events. We model this as a Turiyam Neutrosophic Line Graph.

Let the line graph represent a simple railway route with four stations:

V={A,B,C,D}, E={(ADB),(B,C),(C,D)}.

Each edge represents a railway segment and is assigned a quadruple of Turiyam neutrosophic values (¢, iv, fv, lv)
capturing truth (on-time probability), indeterminacy (uncertainty of schedule), falsity (chance of disruption),
and liberal state (flexibility of alternative options):

(A, B) = (0.85, 0.10, 0.03, 0.02), u(B,C) = (0.80, 0.15, 0.02, 0.03), u(C,D) = (0.75, 0.15, 0.05, 0.05).

Thus, the Turiyam Neutrosophic Line Graph models railway reliability where each edge represents not only the
physical connection but also nuanced real-world uncertainties.

Definition 27 (General Plithogenic Line Graph). Given a General Plithogenic Graph G = (PM, PN) with
vertex set V and edge set E, the General Plithogenic Line Graph L(GST) = (PM’, PN’) is defined as follows:
(1) Vertex Set PM’:
e The vertices of L(GSF) correspond to the edges of GZF:
V' ={v,:e€ E}
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Attribute for vertices:

Possible attribute values:

Degree of Appurtenance Function:
adf (v,,a) = bdf(e,a), Vae& MU

Degree of Contradiction Function:
aCf'(a,b) = bCf(a,b), Va,be Ml
(2) Edge Set PN':
e Edges in L(GEP):
B ={(ve,sv,,) €160 € E, egNey # 0}

Attribute for edges:

m’ (v, ,v,,) = (l(u),l(v)), where e; = (u,w), e; = (w,v)

Possible attribute values:

Nm/' = Ml x Ml

Degree of Appurtenance Function:

bdf’((vel,ve2),b) = f(adf(u,l(u)),adf(v,l(v))), Vbe Nm’

Degree of Contradiction Function:
bCf' (by,by) = aCf(ay,ay), for b, = (a},a?)

177

Example 28 (General Plithogenic Line Graph: Power Distribution Feeder). We model a radial power feeder
with substations as vertices and cables as edges. Let the underlying crisp graph be
V ={5,,55,55, 54}, E={e; =(51,5), ex = (5,,53), eg = (53,5,)}.
Define a General Plithogenic Graph G¢F = (PM, PN) as follows.
Vertex attribute (load class): [: V — MI, with
Ml = {Low,Med, High}, 1(S;) = Low, I(S;) = Med, 1(S;) = High, I(S,) = Med.
Vertex DAF dimension s = 2, interpreted as (membership, stability):
adf(Sy,Low) = (0.80,0.70), adf(S,, Med) = (0.70,0.60),
ad (S5, High) = (0.60, 0.50), adf(S,,Med) = (0.75,0.65).
Edge attribute (cable health): m : E — Nm with
Nm = {Old, Std,New}, m(e;) = Std, m(ey) = Old, m(e3) = New.
Edge DAF bdf : N x Nm — [0, 1]? (chosen concretely):
bd f(ey,Std) = (0.70,0.80), bdf(ey,Old) = (0.50,0.60), bdf(es, New) = (0.90,0.90).
Contradiction functions (only reflexive/symmetric are required in the general model):
aCf(x,z) =0, aCf(x,y) = aCf(y,z), aC f(Low,Med) = 0.30,
aC f(Low, High) = 0.70, aC f(Med, High) = 0.40;
bCf(z,2) =0, bCf(z,2) =bCf(7,z), bCf(Old,Std) = 0.40,
bC f(Old, New) = 0.80, bC' f(Std, New) = 0.50.



Plithogenic Line Graph, Star Graph, and Regular Graph 21

Line graph L(G%?) = (PM’,PN’):

V= {velvveQ’ve3}7 B = {<Uelave2)v (’062,1163)}.
By definition,
U(v,)=m(e), MI'=Nm, adf’ (v,a):=>bdf(e, a).

Hence
l’(vel) = Std, adf’(vel,Std) = (0.70,0.80),

U(v,,) = Old, adf’(v,,,0ld) = (0.50,0.60),
U'(v,,) = New, adf’(v,,, New) = (0.90,0.90).
For edges of L(GYP), set m’ (v, v,) = (1(51),0(S3)) = (Low, High) and m/(v,,,v.,) = (1(5;),1(5,)) =
(Med, Med). With the concrete choice f = min (componentwise),
bd f'((ve,,ve, ), (Low, High)) = min (ad f(S;, Low), ad f (S5, High)) = (0.60, 0.50),
bdf ((ve,,ve,), (Med,Med)) = min (ad f(Sy, Med), ad f (S, Med)) = (0.70, 0.60).
Finally set aC'f = bC'f on M1’ = Nm (reflexive/symmetric). This yields a fully specified General Plithogenic
Line Graph reflecting feeder segments and their health.

Theorem 29. Let L(GSP) = (PM’,PN’) be a General Plithogenic Line Graph with a degree of appurtenance
function dimension s and a degree of contradiction function dimension t. Then:

(1) By setting s = 4 and defining suitable mappings, L(GET) can be transformed into a Turiyam Neutrosophic
Line Graph.

(2) By setting s = 3 and defining suitable mappings, L(GST) can be transformed into a Neutrosophic Line
Graph.

(3) By setting s = 1 and defining suitable mappings, L(GET) can be transformed into a Fuzzy Line Graph.

Proof: To prove this theorem, we divide the proof into three cases based on the value of s: s =4, s =3, and
s=1.

First, consider the case where s = 4. By definition, a Turiyam Neutrosophic Line Graph is characterized by a
membership vector for each vertex and edge, containing four components: truth, indeterminacy, falsity, and
liberal state. For each vertex v, in L(GYF), we define its membership vector as

a(ve) = (T(v,) I(ve), F(ve), L(v,)) = adf (v, I (v,)).
Here, T'(v,), I(v,), F(v,), and L(v,) correspond to the truth, indeterminacy, falsity, and liberal states of v,,
respectively. Similarly, for each edge ¢’ = (vel,v%), its membership vector is defined as

ple’) = (T(e), I(e"), F(e), L(e’)) = bdf' (e, m/(¢")).
The validity of this construction is ensured by the condition

T(v) + I(v) + F(v.) + L(v.) <1,

which holds for all vertices v,. This confirms that L(GEF) satisfies the properties of a Turiyam Neutrosophic
Line Graph.

Next, consider the case where s = 3. By definition, a Neutrosophic Line Graph is characterized by a membership
vector for each vertex and edge, containing three components: truth, indeterminacy, and falsity. For each vertex
v, in L(GYF), its membership vector is defined as

o(ve) = (T(v,), I(v.), F(v,)) = adf (v, 1’ (v,)).
Here, T'(v,), I(v,), and F(v,) represent the truth, indeterminacy, and falsity states of v,, respectively. Similarly,
for each edge ¢’ = (v, ,v,, ), its membership vector is defined as

ple') = (T(e), I(e"), F(e)) = bdf (¢/,m’(¢")).
The validity of this construction is ensured by the condition
T(v.) +1(ve) + F(v,) <1,
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which holds for all vertices v,. This confirms that L(G%F) satisfies the properties of a Neutrosophic Line Graph.

Finally, consider the case where s = 1. By definition, a Fuzzy Line Graph is characterized by a single-valued
membership degree for each vertex and edge. For each vertex v, in L(GST), its membership degree is defined as

o(v,) = adf (v,,1'(v,)).
Here, o(v,) represents the single-valued membership degree of v,. Similarly, for each edge e’ = (v, ,v,,), its
membership degree is defined as
w(e’) =bdf (e/,m’(e')).
The validity of this construction is ensured by the condition
o(v,) <1,
which holds for all vertices v,. This confirms that L(GYF) satisfies the properties of a Fuzzy Line Graph.

In conclusion, the proof demonstrates that by varying the dimension s of the degree of appurtenance function
and defining suitable mappings, the General Plithogenic Line Graph L(G%F) can be transformed into a Turiyam
Neutrosophic Line Graph (s = 4), a Neutrosophic Line Graph (s = 3), or a Fuzzy Line Graph (s = 1). O

3.2 | Turiyam Neutrosophic Star Graph and General Plithogenic Star Graph
The definitions of Turiyam Neutrosophic Star Graph and General Plithogenic Star Graph are provided below.
Definition 30 (Turiyam Neutrosophic Star Graph). A Turiyam Neutrosophic Star Graph S, = (V,E) is a
Turiyam Neutrosophic Graph where:

o V ={vy,v1,0q,...,v,}, with v, being the central vertex.

o E={e; = (vg,v;) : 1 <i <}
Example 31 (Real-life Example of a Turiyam Neutrosophic Star Graph: Airport Hub System). Consider an

airport hub network where one central airport (hub) connects to multiple regional airports. Uncertainties exist
due to weather, delays, or operational restrictions. We model this as a Turiyam Neutrosophic Star Graph.

Let
V= {vg, vy,v9,v3},

where v is the central international airport, and v;, vy, v5 are regional airports. The edge set is
E = {(vy,v1), (vg,v2), (vg,v3)}-

Each edge is assigned a quadruple (¢, v, fv, lv):
f1(vg,vy) = (0.90, 0.05, 0.03, 0.02), p(vy,v,) = (0.80, 0.10, 0.05, 0.05),  p(vg,vs) = (0.70, 0.15, 0.10, 0.05).

Here:

t: probability of on-time connectivity,

e jv: uncertainty due to external factors,

fuv: probability of failure or cancellation,

lv: liberal state reflecting flexibility for rerouting.
This Turiyam Neutrosophic Star Graph effectively represents an airport hub system with real-world uncertainties.
Definition 32 (General Plithogenic Star Graph). A General Plithogenic Star Graph SG = (PM,PN) is
defined as:

(1) Vertex Set PM:

o V ={vy,vy,0q,...,v, }, with v, as the central vertex.
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e Attributes:

l(vz) EMZ, Vizo,l,...,n
e Degree of Appurtenance Function:

adf(v;,a) € [0,1]°, Va e Ml

(2) Edge Set PN:
e E={e; =(vg,v;) : 1 <i<n}
o Attributes:
m(e;) € Nm

e Degree of Appurtenance Function:
bdf(e;,b) = f(adf(vy, l(vg)), adf(v;, l(v;))), Vb€ Nm

Example 33 (General Plithogenic Star Graph: Warehouse-to-Stores Logistics). Consider a distribution hub wy
serving three retail stores sy, 8o, 85. Let V = {wy, 81, 85, 83} and E = {e; = (wy, $1), €5 = (wq, $9), €3 = (wq, 83)}-

Vertex attribute (demand level): M = {Low, Med, High} with
l(wy) = High, I(sy) =Med, I(sy) =Low, I(s3)= Med.
Take s = 2 and specify
ad f(wy, High) = (0.90,0.80), adf(s;,Med) = (0.70,0.70),
ad f(sy, Low) = (0.50,0.90), adf(ss,Med) = (0.65,0.75).
Edge attribute (road type): Nm = {Highway, City} with
m(e;) = Highway, m(ey) = City, m(e;) = Highway.
Define bd f(e,b) = min (adf(end,,l(end;)), ad f(end,,l(end,))) (componentwise). Then
bd f(eq, Highway) = min ((0.90, 0.80), (0.70,0.70)) = (0.70,0.70),
bd f(e,, City) = min ((0.90,0.80), (0.50,0.90)) = (0.50, 0.80),
bd f (e5, Highway) = min ((0.90,0.80), (0.65,0.75)) = (0.65,0.75).
Choose contradiction functions with reflexivity /symmetry (general model):
aC f(Low, Low) = aC f(Med, Med) = aC f(High, High) = 0,
aC f(Low, Med) = 0.30, aC f(Low, High) = 0.70, aC f(Med, High) = 0.40,
bC f(Highway, Highway) = bC f(City, City) = 0, bC f(Highway, City) = 0.60.
This yields a General Plithogenic Star Graph where edges encode the serviceability of routes given hub/store
demand and road type.
Theorem 34. Similar to Theorem 29, applied to Star Graphs.
Proof: Let S¢F = (PM,PN) be a General Plithogenic Star Graph with a degree of appurtenance function
dimension s and a degree of contradiction function dimension t. We prove the theorem in three cases.
Case 1: Transformation into a Turiyam Neutrosophic Star Graph
Assume s = 4. Define the membership vectors for vertices and edges as follows. For each vertex v;,
o(v;) = (T(v;), I(v;), F(v;), L(v;)) = adf(v;, [(v;)),
and for each edge e; = (vy,v;),
p(e;) = (T'(e;), I(e;), F(e;), L(e;)) = bdf(e;, m(e;)).

Verify that
T(v;) + 1(v;) + F(v;) + L(v;) <1, Vo, €V,
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and
T(e;)+ I(e;) + F(e;)+ L(e;) <1, Ve, € E.
Thus, SSF satisfies the properties of a Turiyam Neutrosophic Star Graph.

Case 2: Transformation into a Neutrosophic Star Graph

Assume s = 3. Define the membership vectors for vertices and edges as follows. For each vertex v,
o(v;) = (T(vy), I(v;), F(v;)) = adf(v;, I(v;)),
and for each edge e; = (vy,v;),
nle;) = (T(e;), I(e;), F(e;)) = bdf(e;, m(e;)).
Verify that
T(v;)+I(v;)+ F(v;) <1, Vv, €V,
and
T(e;)+ I(e;) + Fle;)) <1, Ve, €E.
Thus, SS7 satisfies the properties of a Neutrosophic Star Graph.

Case 3: Transformation into a Fuzzy Star Graph

Assume s = 1. Define the membership degrees for vertices and edges as follows. For each vertex v,,
o(v;) = adf(v;, [(v;)),
and for each edge e; = (vg,v;),
p(e;) = bdf(e;, m(e;)).
Verify that
o(v,)) <1, Vu, €V,
and
wule;) <1, Ve, € E.
Thus, SG7 satisfies the properties of a Fuzzy Star Graph. O

3.3 | Regular Turiyam Neutrosophic Graph and General Regular Plithogenic Graph

The definitions of Regular Turiyam Neutrosophic Graph and General Regular Plithogenic Graph, as well as
their relationships with other graph classes, are briefly discussed.

Definition 35 (Regular Turiyam Neutrosophic Graph). A Regular Turiyam Neutrosophic Graph is a Turiyam
Neutrosophic Graph where, for every vertex v € V, the sum of the membership degrees of all edges incident to v
is constant across the graph. That is, there exist constants k;, k;, k, k;, such that:

Z T(v,u) = kp, Z I(v,u) = ky, Z F(v,u) = kp, Z L(v,u) = kp,

ueV,utv ueV,u#tv ueV,utv ueV,u#tv
Example 36 (Regular Turiyam Neutrosophic Graph: Symmetric Communication Triangle). Let G = (V, E) be
a triangle of communication links:
V ={A,B,C}, E={AB,BC,CA}.

Assign to each edge the same Turiyam neutrosophic quadruple (T, I, F', L) capturing (on-time success, indeter-
minacy, failure, liberal/flex reserve):

1(AB) = u(BC) = u(CA) = (0.60, 0.20, 0.10, 0.10).

For each vertex v, define the (Turiyam) degree-sums

dp(v) = ZT(v,u), d;(v) = ZI(v,u)7 dp(v) = ZF(uu), d;(v) = ZL(v,u).
u#v uFv uFv uFv
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Since each v is incident to exactly two edges with identical values, we have
dp(A) = dp(B) = d(C) = 0.60 + 0.60 = 1.20,
d;(A) =d;(B) =d;(C)=0.20 + 0.20 = 0.40,
dp(A) =dp(B) = dp(C) =0.10 4+ 0.10 = 0.20,
d;(A)=d;(B)=4d;(C)=0.10+0.10 = 0.20.

Thus the four component-sums are constant across all vertices; hence G is a Regular Turiyam Neutrosophic
Graph.

Definition 37 (General Regular Plithogenic Graph). A General Regular Plithogenic Graph GG = (PM, PN)
is one where, for every vertex v € V, the sum of the DAFs of all edges incident to v is constant across the graph.
For each component k =1, ..., s, there exist constants K, such that:

Z bdfk((“au)a m(”vu)) =K, VYveV
ueV,u#v

Example 38 (General Regular Plithogenic Graph: Balanced Enterprise LAN Segment). Consider a square
LAN segment

V = {v,v9,03,04}, E ={eqa, €93 €34,€41},

with edges e;; = (v;,v;). Let the vertex attribute (role) be Ml = {Core, Dist, Access} with some assignment

I(v;) (arbitrary here), and choose any vertex DAF adf (not used for regularity).

For edges, take s = 3 components in bdf (e.g., throughput, reliability, compliance). Let the edge attribute be
Nm = {Fiber, Copper, Wireless} with

m(eyy) = Fiber, m(eys) = Copper, m(eq,) = Wireless, m(eyy) = Fiber.
Specify the same edge DAF vector for all edges (permitted in the general model):
bdf(e,m(e)) = (0.60, 0.40, 0.30) for each e € E.
Then each vertex has degree 2, so the per-component sums at every vertex are
K = (K,,K,,K;) =2-(0.60, 0.40, 0.30) = (1.20, 0.80, 0.60),
which are independent of the vertex. Therefore, this is a General Regular Plithogenic Graph with constants

Zbdfk((v,u),m(v,u)) =K, (k=1,2,3), forallveV.
uFv
Choose contradiction functions reflexive/symmetric (as required only):

aCf(z,x) =0, aCf(z,y) = aCf(y,x);  bCf(z,2) =0, bCf(z,2") =bCf(z, 2).

This construction captures a balanced LAN ring where each switch sees the same aggregate (throughput,
reliability, compliance) regardless of its position.
Theorem 39. Similar to Theorem 29, applied to Regular Graphs.
Proof: Let GET = (PM, PN) be a General Regular Plithogenic Graph with a degree of appurtenance function
dimension s and a degree of contradiction function dimension ¢t. We prove the theorem in three cases.
Case 1: Transformation into a Regular Turiyam Neutrosophic Graph
Assume s = 4. Define the membership vectors for edges as follows. For each edge e = (v,u),

pu(e) = (T'(e), I(e), F(e), L(e)) = bdf(e, m(e)).
satisfies the properties of a Regular Turiyam Neutrosophic Graph, the following conditions

Z T(v,u) = kyp, Z I(v,u) = ky,

uweV, utv ueV, utv

To ensure that GEP

must hold:
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Z F(v,u) = kp, Z L(v,u) = k.

ueV,u#tv ueV,u#v
Additionally, verify that for each edge e:

T(e)+1I(e)+ F(e) + L(e) < 1.

Case 2: Transformation into a Regular Neutrosophic Graph

Assume s = 3. For each edge e = (v, u), define the membership vector as:
u(e) = (T(e), I(€), Ple)) = ba(e, m(e)).

Ensure the regularity conditions:

Z T(v,u) = kp, Z I(v,u) = ky, Z F(v,u) = kp.

ueV,u#tv ueV,utv ueV,u#tv

Verify that for each edge e:
T(e)+I(e)+ F(e) <1.
Case 3: Transformation into a Regular Fuzzy Graph

Assume s = 1. For each edge e = (v, u), define the membership degree as:

u(e) = bdf(e, m(e)).

Z w(v,u) = k.

ueV,utv

Ensure the regularity condition:

Verify that for each edge e:
p(e) < 1.

4 | Conclusion and Future Tasks

This paper introduced the concepts of Line Graph, Star Graph, and Regular Graph specifically within the
contexts of Turiyam Neutrosophic and Plithogenic Graphs. Future research directions involve extending the
aforementioned graphs to hypergraphs [36, 37] and superhypergraphs [38, 39, 40]. Additionally, we plan to study
graph algorithms and their fuzzification.
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